Volume 2 April, 1932 Number 4 


PHYSICS 





THE NEW SPECTROSCOPY LABORATORY OF THE 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


By Karu T. Compton 
(Received March 1, 1932) 


NE of the features of interest at the recent Cambridge meetings of the 

American Physical Society and the Optical Society of America was an 
inspection of the new Spectroscopy Laboratory of M.I.T. This laboratory 
has been built in conjunction with the erection of the new Physics-Chemistry 
Reasearch Laboratories and expresses a definite conviction that the science 
of spectroscopy is destined in the future to play a role of increasing import- 
ance in bringing about an understanding of the electrical structure of atoms 
and molecules and of the interatomic and molecular forces which underlie 
the interpretation of physical and chemical phenomena. Since the general 
plan of the main laboratories did not permit the convenient installation of 
long focus grating mountings, it was decided to build a separate adjoining 
building, designed particularly for spectroscopy and incorporating every 
feature which might add to its convenience and effectiveness for such work. 
It is believed to be the only laboratory of this type in existence. 

The accompanying figures give a general idea of the plan of the laboratory. 
The building is 94 ft. 7 in. long and 54 ft. 1 in. wide outside, and stands about 
21 ft. above ground, exclusive of the canopy above the roof. It is constructed 
in three distinct parts: (1) the outer shell and corridor which are supported 
upon braced wooden piles and form the housing for the isolated laboratory 
floors; (2) and (3) the two separate isolated floor systems on which the deli- 
cate laboratory apparatus is mounted and which are completely isolated 
from the housing structure. 


STRUCTURAL FEATURES 


All parts of the laboratory are supported by means of piles on a thick 
stratum of compact gray sand. The outer shell and corridor rest on wooden 
piles and those under the exterior walls are placed in such a way as to form 
a cut-off against vibrations reaching the inner or apparatus floors. Since the 
laboratory is in a court entirely surrounded by other buildings, these build- 
ings themselves serve as an additional cut-off for the traffic vibrations, which 
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are the chief source of difficulty. The separate isolated floor systems on 
which the apparatus is mounted are supported on 183 precast reenforced 
concrete piles, including 10 batter or braced piles placed so as to prevent 
lateral swaying of the isolated floor structures. 

The isolated floors are constructed as follows: Reenforced concrete mats 
3 ft. in thickness are built upon the concrete piles. Resting on these mats 
are special vibration-absorbing structures built up in layers in the following 
order: three 1 in. layers of fine sand, each contained between layers of three- 
ply roofing felt; a layer of transite board; a 2 in. layer of reenforced concrete; 
another group of three layers of sand separated by roofing felt; another 
layer of transite board; another 2 in. layer of reenforced concrete; a 6 in. 
layer of special vibration absorbing cork; finally, the 8 in. reenforced con- 
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Fig. 1. Spectroscopy Laboratory, first floor plan. 


crete floor with smooth cement upper surface. The function of the felt and 
of the cork is to absorb vertical vibrations, whereas the function of the layers 
of sand is by their ball bearing action to absorb lateral vibrations. These 
layers are separated from the adjoining side walls by thick layers of felt. 
Seismographic tests of the completed structure have shown that lateral vibra- 
tions are almost completely absent, and vertical vibrations have been very 
greatly reduced by this construction. 

In order to minimize the effect of outside changes in temperature on the 
temperature of the rooms, the entire outer wall of the building contains an 
8 in. layer of cork embedded between two 12 in. masonry walls. Further- 
more, the large grating rooms on the first story, where constancy of tempera- 
ture is most important, are surrounded by an additional 12 in. concrete 
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wall with a 6 in. air space. Furthermore, the roof contains 12 in. of cork em- 
bedded between thick layers of concrete, and is further protected against 
changes of outside temperature by having built above it a steel canopy, so 
constructed as to reflect the sun’s rays and to create a circulation of air to 
diminish the effect of high temperature during the summer. In winter this 
circulation can be cut off, providing a still blanket of warm air. The entire 
construction is such that the greatest conceivable change in external tempera- 
ture could not change the inside temperature at a rate greater than 1° per 
month. 

The vestibule connecting with the main physics research laboratory is 
provided with three sets of doors, thus providing two air locks. Opening on 
to the court is an emergency exit which was deemed necessary in view of 
the fact that there are no other openings in the wall of the building. There 
is, however, a 6 in. pipe opening in the roof, which is ordinarily closed by a 
plug but through which noxious gases may be expelled from the building in 
case experiments are undertaken involving their production. 


LABORATORY SERVICES 


In every research room and at several points in the main corridor (the 
source room) there are switchboards which make available the following 
outlets: 

240 volt, 3-phase a.c. 

240 volt or 120 volt, 1-phase, 60 cycle a.c. 

240/120 volt d.c. 

700/350 volt d.c. 

2 60-ampere lines running from the 
central distributing switchboard. 

8 signal lines running throughout the 
laboratory. 


In addition to these services, the source room is provided with 400- 
ampere switches for alternating current from a special transformer and for 
direct current from a special high capacity set of storage batteries. The 
sources of these currents are all located in the main research laboratory, 
closely adjacent. 

Mounted on vibration-proof bridges, crossing the open space in the second 
floor between the galleries, are a 200,000 (or 100,000) volt rectified d.c. gen- 
erator and a 2000 volt motor generator set. High insulation flexible leads from 
these generators can deliver this power in any part of the laboratory. These 
generators are mounted on rubber wheels so that they can easily be moved 
away and the bridges taken up in case it is desired to have full access to the 
open space between the galleries for the hoisting of large apparatus to the 
second floor. 

Gas, water and ordinary electric service with wall receptacles are pro- 
v ded as usual, care being taken that the pipes and conduits are provided 
with flexible joints wherever they bridge across from the outer shell of the 
building to the isolated floors or walls. 
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HEATING AND VENTILATING 


The building is heated and ventilated by air driven in through insulated 
ducts from an air conditioning plant located in one of the closely adjoining 
buildings. All air entering the building is conditioned by a standard plant of 
the type used in theatres, delivering 35 cu. ft. of air per second at 65°+2° F 
and 45 percent humidity. This air enters the source room through seven 
distributed ducts and leaves through an equal number of ducts, recirculating 
through the machine with 20 percent of fresh outside air added in each com- 
plete cycle. Each room in the laboratory takes its air separately from the 
source room, having the air blown in by its own fan through a light-proof 
duct containing a heating element controlled by a thermostat within the 
room. In this way the source room is kept within 2° of 65° F, and the ad- 
joining rooms can be automatically maintained within +0.1° F at any de- 
sired temperature between about 67° F and 75° F. Automatic temperature 
registration apparatus permits a complete record of temperature variations 
to be obtained for each room. A convenient feature in maintaining tempera- 
ture constancy is the arrangement whereby all electric light switches are so 
arranged that whenever the lights in a room are turned off an equal load 
of heat can be turned on. 


LABORATORY EQUIPMENT 


In rooms A and B are mounted the large gratings with modified Paschen 
mounts arranged so that the complete circles are available. The slits project 
through floating walls so that the sources of light are shot in from the source 
room through the slits onto the gratings. Both rooms are also provided with 
mountings of the Wadsworth stigmatic type which can be used simulta- 
neously. 

In room A is a 6 in. concave grating of 15,000 lines per inch and 34 ft. 
radius, while in Room B there is a 16 in. concave grating, 15,000 lines per 
inch, of 21 ft. radius. The focal plane tables consist of albarene stone slabs 
four inches thick and twenty-eight inches wide supported on and bolted to 
heavy concrete piers, making, together with the floor, a very rigid structure. 
Steel sleepers are bolted to these tables about six inches apart, and these 
sleepers carry the steel rails which hold the cassettes and plate holders. The 
sleepers are furnished with fine focussing adjustments, and excellent defini- 
tion and resolving power have been obtained. 

Room C has been designed for vacuum spectrographs or for grating 
mountings of the Wadsworth or Meggers type. 

On the second floor, (Fig. 2), are a number of smaller rooms. Room D is 
fitted out for cathode sputtering and miscellaneous operations. Room E 
contains the two meter vacuum spectrograph constructed with the aid of a 
grant from the Carnegie Institution of Washington and arranged to spread 
the spectrum from 0 to 2000A over a 24 in. Schumann plate. These spectra 
are being excited by various methods of controlled electron impact in pure 
and in mixed gases. Room F contains a 21 ft. vacuum spectrograph, the 
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largest of this type in existence, provided with a 30,000 line per inch glass 
grating and a gas pumping system of extraordinary speed. 

Room G is at present being used for the assembly of apparatus but is 
ultimately designed as headquarters for spectroradiometry. 


ROOM D 
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Fig. 2. Spectroscopy Laboratory, second floor plan. 


The three rooms in H contain three microphotometers for measuring 
intensities of spectrum lines. The instruments in 2 and 3 are spotting in- 
struments, while that in room 1 is automatically recording. 
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Fig. 3. Spectroscopy Laboratory, longitudinal section. 


Room I is designed for interferometry but is being used at present for 
spectroradiometry with monochromators of glass, quartz and fluorite. 
In room J is mounted a 6 in. plane grating, 15,000 lines per inch, mounted 
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in the Littrow manner with a 30 ft. lens. This instrument can be used in all 
orders up to the fourth, and gives a remarkably high resolving power in the 
visible region. It is being used in connection with etalons, Lummer-Gehrke 
plates, and other equ’ pment of high resolving power. This grating has been 
loaned by Professor Norton A. Kent, of Boston University, who is an hon- 
orary research associate of the Institute, and who obtained the grating and 
lens through the aid of a grant from the Rumford Fund. 
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Fig. 4. Spectroscopy Laboratory, transverse section. 


In conclusion it may be said that the present work in the Spectroscopy 
Laboratory emphasizes three main fields: spectral intensity measurements; 
spectroscopy of the extreme ultraviolet; and spectroscopy at extremely high 
resolving power. While the equipment now on hand has been set up with the 
needs of these special fields primarily in mind, the building has been so con- 
structed and the apparatus has been set up in such a form as to allow suffi- 
cient flexibility for taking up other important spectroscopic fields when this 
may seem desirable. 

The engineering architects of this building are Chas. T. Main, Inc. of 
Boston, and the builders are Stone and Webster, Inc., who also built the 
main educational plant of the Institute. 
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AN X-RAY SPECTROMETER WITH 
STATIONARY ION CHAMBER 


By Rupo.tr C. HERGENROTHER 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA, CALIFORNIA 


(Received February 2, 1932) 


ABSTRACT 
A Bragg type ionization x-ray spectrometer which was designed for making 
quantitative measurements of integrated x-ray intensities reflected from crystals is 
described. The essential feature of the design is that the ionization chamber is fixed 
in position, thus allowing a short fixed connection between ion chamber and elec- 


trometer (Hoffman). The ion chamber and x-ray tube used with the instrument 
are described. 


INTRODUCTION 


HE x-ray spectrometer which is described below was used for measur- 

ing the integrated intensities of x-ray reflections from Bi single cyrstals. 
The results of these measurments are described in another article.’ 

The usual design of x-ray spectrometer used for such purposes is the one 
originated by Bragg. This design utilizes an x-ray tube which is fixed in 
position and has a moveable crystal holder and a moveable ionization cham- 
ber. With a moveable ionization chamber it is necessary either to attach the 
electrometer to the ionization chamber and move the two as a unit, or to have 
the electrometer fixed near the axis of rotation of the ion chamber and to have 
a moveable connection between ion chamber and electrometer (Bragg design). 

The writer wished to use a Hoffmann? electrometer for measuring the 
ionization current because of the great stability and high sensitivity of that 
instrument. Since the electrical connection to the needle of the Hoffmann 
electrometer should pass through an evacuated tube (if the greatest stability 
is to be attained), it was considered impractical to use a moveable connecton 
between ion chamber and electrometer. Accordingly, a spectrometer was de- 
signed, having the ion chamber fixed in position and having the x-ray tube 
and crystal holder moveable. The use of a short stationary connection be- 
tween ion chamber and electrometer instead of a long moveable connection 
reduces the electrical capacity to a minimum and eliminates the possibility 
of a variation of the capacity of the connection itself. 


THE SPECTROMETER 


Fig. 1. shows a drawing which illustrates the essential features of the spec- 
trometer. The central post A is fixed to the base B. The upper part of this 
post, which is tapered on the outside, carries a circular angle scale C and a 
moveable arm D. The scale C, which is marked in intervals of one degree at 


1 A Goetz and R. C. Hergenrother, Phys. Rev. 39, (in press) (1932). 
* G. Hoffmann, Ann. d. Physik 42, 1196 (1913); 52, 665 (1917). 
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the edge of its upper surface, is set to an arbitrary fixed position on the post 
A. The moveable arm D carries on one end the x-ray tube E with the slits F 
and G, and on the other end a counter weight R. An indicator having a ver- 
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Fig. 1. Drawing of Spectrometer. 


nier scale is also fastened to arm D in order to measure its position relative to 
to the fixed scale C. This is shown in detail in Fig. 2. 


D I 


/ | 
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Fig. 2. Detail of vernier indicators. D measures the position of the x-ray tube, and J 
measures the position of the crystal. The lower figures show respective cross sections of the 
indicators. 


The crystal H is mounted on the crystal table or goniometer J which is 
shown in detail in Fig. 3. The base of this goniometer is fastened to a cone J 
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which fits into the conical hole in the upper part of the central shaft N. This 
allows the goniometer to be removed from the spectrometer as a unit and also 
allows the goniometer to be set at any arbitrary position relative to the 
shaft NV. The base of the goniometer also carries a vernier indicator which 












































Fig. 3. Detail of crystal table or goniometer and centering cone K. 


measures its position relative to the fixed scale C. Fig. 2 shows how the two 
indicators already mentioned are arranged so that they use the same angle 
scale without interferring with each other. 

The central shaft N (Fig. 1) whose upper end fits into a conical hole in the 
upper end of post A, has the arm O attached to its lower end. The end of arm 
O is held between the micrometer screw P and the spring operated plunger Q. 





Fig. 4a. Photographs of the spectrometer. The lead shields have been removed from 
the ion chamber. 


This allows a sensitive adjustment of the angle of the goniometer over a 
range of 4 degrees. The angular displacement of the upper end of N from its 
mean position is measured by means of mirror ./ which reflects the light from 
a fixed scale to a telescope. It is necessary to attach mirror / to the upper end 
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of shaft NV in order to make the reading of the angular position of the goni- 
ometer independent of any twist in shaft N. Fig. (4) shows a photograph of 
the spectrometer. 





Fig. 4b. 


THe X-RAY TUBE 
The x-ray tube should preferably be of such design that the central part 
of the tube may be brought within 2 or 3 inches of the supporting arm D. A 
Meuller Metalix tube (which has the central part made of metal) was origi- 
nally used. Subsequently a special tube which is illustrated in Fig. 5 was built 
and successfully used with the instrument. 
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Fig. 5. Cross section of x-ray tube. N is a nickel cylinder which fits inside of the glass 
wall. The glass wall is made thin, as indicated, in the region where the x-rays which go through 
the slit, pass through the glass. The nickel cylinder has an opening in the corresponding posi- 
tion. The lead sheath L is electrically connected to N and grounded. R is a sheath of x-ray 
opaque (lead salts impregnated) rubber. B-B are bakelite supports. S is a copper disk seal. 


Tue Ion CHAMBER 


The ionization chamber which is shown in Fig. 6 consists of a Pyrex glass 
cylinder with rounded ends, the inside of which is gold plated to form one 
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electrode. A tungsten wire A sealed through the glass, having a small plati- 
num strip welded to it and sealed to the inner surface of the glass, serves to 
make an outside electrical connection ot the inner gold coating. At one end of 
the ion chamber is a thin 0.002”) Pyrex window B.* The opposite end of the 
cylinder has a tube C sealed to it which serves to connect the ion chamber 
with the P2O; cell and the filling stopcock. The tube C is to one side of the 
center and in line with the collector wire D. In assembling the ion chamber, 
the collector wire D is introduced through C before the cell and stopcock are 
sealed on and, since the side of the collector wire toward C is in effect a long 
screw, this is screwed tight against the support E, holding the collector wire 
rigidly in plate. A quartz tube F serves as an insulating support for the col- 




















Fig. 6. Detail of ionization chamber. 


lector and is fitted by a tapered waxed joint to the grounded metal piece G 
which serves the double purpose of acting as a guard ring and shielding a 
large portion of the quartz from electric field gradients. This metal piece G 
is also fitted with a tapered waxed joint to the conical opening H in the lower 
central part of the cylinder. The whole assembly is fitted directly on top of 
the Hoffmann electrometer 7. A waxed-on window J allows access to con- 
nection screw of the electrometer. 

All metal surfaces which are on the inside of the ion chamber are gold 


plated to prevent chemical reaction with the methyl bromide with which the 
chamber is filled.‘ 


* This was made by opening a round hole at one end of the glass cylinder and sealing a 
thin Pyrex bulb to the edge. The excess glass was trimmed off and the edge was remelted in 
the flame and annealed. 

‘ The gold coating on the inside of the glass is produced by evaporation in a vacuum of a 
bead of gold placed in a heated helical tungsten filament. To do this operation, F is replaced 
by a glass tube having two wires sealed through it, to which are attached the ends of the 
tungsten filament holding the gold bead. This is waxed to G which is in turn waxed to H after 
which the chamber is exhausted through C. The chamber is mounted vertically with the win- 
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The ion chamber is surrounded by a heavy lead shield to protect against 
scattered x-rays. A brass tube with wide lead slits at each end leads from a 
point several inches from the crystal to the opening in the lead shield in front 
of the ion chamber window. The purpose of this arrangment is to limit the 
solid angle which the window subtends outside of the shielding system and 
thus reduce to a minimum the scattered rays which can enter the window. 


ADJUSTMENT OF SLITS 


The slits F and G (Fig. 1) are of the conventional type of x-ray slit having 
adjustable lead jaws. The slits are lined up with the axis of rotation of the 
goniometer by means of the centering cone K (Fig. 3) which can be inserted 
in the conical hole in N in place of the goniometer. The upper part of K is 
tapered to a point which is accurately machined so that the point lies in the 
axis of rotation. When K is in position, a light is placed in front of F and al- 
lowed to shine through slit G and cast a shadow of cone J on a screen placed 
behind the latter. The slit G is then adjusted until the diffraction pattern 
caused by the point of the cone J is centered on the diffraction pattern caused 
by slit G. 

ADJUSTMENT OF CRYSTAL 


The crystal is adjusted with its surface in the axis of rotation in the fol- 
lowing way. The centering cone K (Fig. 3) is set in place and is viewed 
through a telescope which is adjusted so that a vertical crosshair passes 
through the point of K. The centering cone is then replaced by the crystal 
goniometer which is adjusted so that the crosshair of the telescope passes 
through the center of the crystal face when the latter is placed perpendicular to 
the line of sight and also when it is placed almost tangential to this, so that a 
small projected area can be seen. The plane of the crystal is adjusted to the 
vertical by observing in the telescope the reflection from the surface of the 
crystal of a small light source shining through the center of slit F (Fig. 1). 


CONCLUSION 
The writer wishes to express his indebtedness to Dr. J. W. M. DuMond 


for suggestions regarding the design of the ion chamber and to Mr. Julius 
Pearson who constructed the spectrometer. 





dow B at the bottom so that a thin piece of iron can be placed inside to shield the center of 
the window from the heavy gold deposit. When the gold has been evaporated sufficiently so 
that the coating is opaque, the piece of iron is displaced to one side with a magnet, and an ad- 
ditional light coating of gold sufficient to make it electrically conducting is put on the clear 
area. The advantage of this thin coating on the window is that in addition to electrical shield- 


ing, it causes small x-ray absorption and allows one to look into the ion chamber during 
assembly. 
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A CATHODE-RAY FREQUENCY MULTIPLIER 


By Noe. C. JAMISON 
NORTHWESTERN UNIVERSITY 


(Received January 21, 1932) 


ABSTRACT 


A vacuum tube was constructed having a filament and slit arrangement for the 
production of a sheet of electrons, one pair of deflecting plates, and a receiving plate 
composed of a series of rectangular conductors. Adjacent conductors were insulated 
from one another and alternate conductors were in electrical connection. An alter- 
nating potential difference applied to the deflecting plates causes the electron beam 
to move across the surface of the receiving plate, current flowing first to one set of 
conductors and then to the other set. During one complete cycle of the deflecting plate 
field, the currents from the two sets of conductors will pulsate with frequencies which 
are multiples of the frequency applied to the deflecting plates. By applying steady 
potentials to the deflecting plates, the current to each set of conductors may be 
measured and plotted as a function of the deflecting plate potential difference. Such 
static characteristic curves were examined for widely different currents, potentials, and 
gas content of the tube. Tests with an alternating potential difference applied to the 
deflecting plates gave very definite indications of receiving plate currents of two, 
four, and six times the frequency of the applied field. 


INTRODUCTION 


T THE present time there seems to be no method available for the pro- 
duction of intense, sustained, electric oscillations in the frequency range 
above 2X 10° cycles/sec. Okabe! has reported comparatively intense oscilla- 
tions of wave-length 14.5 cm, using a magnetron tube, and very weak oscil- 
lations of wave-lengths as short as 3.16 cm. A device which would furnish 
considerable power and which would permit critical frequency adjustment 
in the range beyond that to which the ordinary vacuum tube oscillator is 
adapted would be a useful tool. The frequency multiplier described in this 
paper was conceived with this object in view. 

Such a device, capable of multiplying very high frequencies, would also 
be useful in obtaining frequency control for vacuum tube oscillators working 
in the range beyond the region where crystal control may be used. 

The object of the present work has been to design a frequency multiplier 
and to verify experimentally the fundamental principle involved. 


THEORY AND APPARATUS 


The fundamental principle involved may be used as the basis for design 
of two slightly different frequency multipliers. While the first type is not so 
desirable experimentally from some standpoints, it is perhaps simpler in 
theory. 

In this simpler form the construction is, to a large extent, much the same 


1 Okabe, I.R.E. Proc. 18, 1748 (1930). 
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as that of a cathode-ray oscillograph. A means for the production of an 
electron stream of circular cross-section is provided, and two sets of deflecting 
plates are placed at right angles to each other and symmetrically with respect 
to the path of the electron stream when undeviated. 

In place of the fluorescent screen of the cathode-ray oscillograph is sub- 
stituted a plane electrode receiving plate in the form of an annulus. The 
annulus is composed of m sectors, m being an even number; all adjacent 
sectors are insulated from one another and alternate sectors are connected by 
conductors. A lead is brought out from each set of sectors and both sets are 
held at the same positive potential with respect to the filament. 













































































Fig. 1. (a) Cross-section of the tube looking down upon it, showing the filament, f; grid 
accelerating wires, g; slit, s; field wires, p; deflecting plates, d; shield, Q; and the receiving plate, 
R, which is composed of two parts, T and W, shown on (b) which is a cross-section at right 
angles. 


Two alternating sinusoidal electric fields of equal intensity and ninety 
degrees out of phase are set up at right angles by means of varying potentials 
applied to the deflecting plates. When such a condition obtains, the charge 
carried by the beam will flow first to one set of sectors and then to the other. 
Since alternate sectors are electrically connected, during one complete revo- 
lution of the beam a pulsating current of n/2 times the frequency applied to 
the deflecting plates will flow in the leads from the annulus. Although the 
wave-form of the resultant current will only approximate a sine curve, it 
may be shown that a large portion of the energy would be associated with 
the fundamental, which would have a frequency n/2 times that applied to 
the deflecting plates. 

In order to obtain a large multiplication factor, it would be necessary to 
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have a large number of sectors and hence an electron beam of small cross- 
section. The resulting currents would be small. 

It is easily shown that should the diameter of the beam be several times 
the sector width, a pulsating current would still flow in the leads. This mode 
of operation, however, would not be efficient; power would be sacrificed for 
the sake of increased multiplication. 

The second form of the apparatus as shown in Fig. 1 (a) and Fig. 1 (b) 
is actually a one-dimensional form of the apparatus already described, using 
one set of deflecting plates and a sheet of electrons. Phase adjustment in 
the deflecting plate circuit is thus avoided and much larger currents may 
be obtained. The annulus is replaced by a series of rectangular conductors 
insulated from one another, alternate conductors being electrically connect- 
ed. All experimental results given here were obtained with this type of tube. 

Fig. 1(a) shows a cross-section of the tube looking down upon it, and 
Fig. 1(b), a cross-section at right angles. The oxide-coated filament, f, is 





Fig. 2. Detail of receiving plate. 


mounted in such a manner that it remains parallel to the grid wires, g, when 
heated. The grid wires, which furnish the accelerating field, are held taut 
and in position by hooks welded to the slit plate, s. The wires, p, are sup- 
ported in the same manner as are the grid wires and are intended to shield 
the slit region to some extent from the varying potentials applied to the 
deflecting plates, d. Q is a cylindrical shield with the end near the deflecting 
plates closed, except for an opening opposite the deflecting plates. The re- 
ceiving plate, R, consists of two parts, T and W, which are insulated from 
each other; the construction of the receiving plate is shown in detail in Fig. 
2. The parts g, s, p and Q are held at the same potential by internal connec- 
tions. 
The currents and potentials will be designated as follows: 

I;—filament heating current 

E,—potential of the grid and parts of equal potential 

J,—current to the grid and parts of equal potential 

E.,—potential difference between deflecting plates 

E.—constant mean potential of the deflecting plates 

I,—current to the deflecting plates 

E,—potential of the receiving plate 

I,;—current to part 7 of the receiving plate 

I;,—current to part W of receiving plate. 
(All potentials are measured with respect to filament potential.) 
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With this one-dimensional form of the apparatus, it is possible to obtain 
very much larger currents than with the form of apparatus first described, 
with the same length electron path, the same deflecting fields, and the same 
receiving conductor widths. Since during one complete cycle of the deflect- 
ing plate field the beam passes over each conductor in the one-dinensional 
device twice, the maximum multiplication factor is (n—1), where m is the 
number of conductors. If the deflecting field is sinusoidal the conductors 
near the center of the receiving plate must be wider, if the resulting wave- 
form is to have relatively small harmonics. The width of the narrowest con- 
ductor is limited by the thickness of the electron beam. 


EXPERIMENTAL RESULTS 


The most important static characteristic curve of such a tube is that 
obtained by plotting the currents, J; and J2, as a function of E,. These curves 
for the tube described were examined with widely different values of E,, E,, 
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Fig. 3. Static characteristic of the tube in a high vacuum state. 


E., and J, and also with different gas content. In case ionization occurs 
and E, is less than E,, both electron and positive ion current will flow to the 
receiving plate. In an attempt to investigate experimentally the discharge 
of ions composing the sheath, the conductors constituting the receiving plate 
were made of equal width. 

Fig. 3 shows the receiving plate currents plotted as a function of the de- 
flecting plate potential difference, the tube being well exhausted and care- 
fully chosen potentials being applied to the tube. The data were taken after 
pressure equilibrium had been established; after taking data for a curve any 
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reading could be checked within one microampere. As is to be expected, the 
current, J;, has three maxima to which correspond three minimum values 
of Iz. The ultimate decrease of J; with increase in potential difference is due 
to the fact that the deflecting plates and the end of the cylindrical shield, 
Q, took current when the deflection of the beam was large. 


to T 





lo W 
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Fig. 4. External circuit. 


In a tube with an even number of conductors, and with no loss of current 
to the deflecting plates for large deflections, the rate of pulsation of current 
would be the same in each lead to the receiving plate, if a.c. were applied to 
the deflecting plates. An external circuit of the type shown in Fig. 4 might 
be used to advantage; the difference (J;— 2) would then assume importance. 
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Fig. 5. Current difference, (I—J:), plotted as a function of the deflecting plate potential 
difference, as derived from Fig. 3. 


Fig. 5 shows this difference plotted as a function of E., as derived from Fig. 
3, and may be used as the basis for an estimate or calculation of the efficiency 
of the tube as a frequency multiplier. From Fig. 5 it is evident that the wave- 
form would be improved considerably by causing the middle of the electron 
beam to fall on the middle of the central conductor of the receiving plate 
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Fig. 7. Static characteristic of the tube in a gaseous state. 
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with no applied alternating potential difference. This might be accomplished 
by applying a constant potential difference of about 0.7 volt between the 
deflecting plates. It may be noted that no adjustment of potentials can be 
made to cause the beam to pass midway between the deflecting plates if the 
elements of the tube are not in line. Arbitrarily, the maximum value of the 
alternating potential difference applied to the tube might be taken as 9.6 
volts. Such a choice would favor the production of the sixth harmonic of the 
frequency applied to the deflecting plates. 

Fig. 5 does not show the wave-form of the current that would be supplied 
to the circuit of Fig. 4; for the electron beam sweeps across the plate with 
varying velocity. If the alternating potential difference applied to the de- 
flecting plates is sinusoidal, the wave-form of the current may be found by 
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Fig. 8. Current difference (J—J2) plotted as a function of E, as derived from Fig. 7. 


plotting the difference (J:—J2) as a function of E,, using graph paper that 
is sinusoidal in one dimension. Fig. 6 shows the wave-form for one half cycle. 

Judging from the positions and shapes of the peaks in Fig. 6, one would 
expect the fourth and sixth harmonics to be strong. If the widths of the con- 
ductors were correctly proportioned, a large percent of the available power 
might be concentrated in one certain harmonic. 

Using a circuit such as that shown in Fig. 4, the voltage across the coil 
was measured roughly with a vacuum tube voltmeter. With the resonant 
circuit tuned to 2580 k.c. the applied deflecting plate frequency was varied 
from 400 k.c. to 1300 k.c. Indications of oscillatory current in the resonant 
circuit were obtained for frequencies 1270, 865, 645, and 432 k.c. of which 
the frequency 2580 k.c. is the second, third, fourth, and sixth harmonic. 
The vacuum tube voltmeter showed the second, fourth, and sixth harmonics 
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to be relatively strong, the third weak, and the fifth was not to be found. In 
each case the filament current of the multiplier tube was reduced to zero to 
determine the direct pick-up from the oscillator. 

Fig. 7 shows the static characteristic of a tube containing sufficient gas 
to produce considerable ionization, the receiving plate being held at less than 
grid potential. In this case both electron and positive ion current flow to the 
receiving plate. By careful adjustment of the width of the beam, the electron 
stream may encounter one conductor while positive ions flow to the conduc- 
tors on either side. Fig. 8 shows the plot of (J;—J:2) as a function of E,. Due 
to the fact that for efficient operation the conductors must be of different 
widths if the variation of potential of the deflecting plates be sinusoidal, the 
possibility of utilizing the positive ion current to advantage is doubtful. 

A multiplier tube of improved design is being constructed at the present 
time with which the writer hopes to produce intense oscillations in the fre- 
quency range above 2 X10° cycles/sec. 

The writer wishes to thank Professor J. H. Morecroft for advice and 
criticism and Professor B. J. Spence for his cooperation and continued in- 
terest in the problem. 
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ABSTRACT 


It is mathematically proven that a detector tube which has a broken straight 
line for its plate current-grid voltage static characteristic will detect the standard 
radio signal without distortion, regardless of signal strength. The plate detection 
performance of a tube having a given curve for its static characteristic can be cal- 
culated from the extended power series which represents the characteristic. The 
power series analysis of the curve is obtained from a Fourier series analysis by a 
method which saves labor and is more accurate than the method of simultaneous 
equations. Thus, by using twelve or fifteen terms of the power series instead of only 
the first two or three, and by setting up special formulae, detection performance 
can be calculated for any signal strength and any modulation. The method is applica- 
ble to the tube alone, to a circuit containing the tube and external resistances, and 
may be applied to any similar non-linear receiving system. 


I. INTRODUCTION 
Difficulty of making calculations for radio circuits 


HE calculation of the performance of a radio receiving set, or of any por- 

tion of it, is immensely complicated because of the large number of varia- 
bles and because of the lack of known laws to define the characteristics of 
some of the most important devices included in the set. As an example of the 
latter, it has been found necessary to express the relations among the grid 
and plate voltages and currents of a vacuum tube by means of empirical equa- 
tions in the forms of power series; there are no satisfactory equations based 
upon theoretical considerations. Carson first employed such empirical equa- 
tions in setting up amplification and detection theory. Later, Lewellyn and 
Chaffee used them.’ 

These equations are usually limited to the square term for two reasons: 
first, the use of the higher powers makes the calculations very complex; 
second, for small signals an empirical equation ending with the square term 
represents the tube characteristic accurately enough. But when plate detec- 
tion is used, the grid swing covers a large portion of the static characteristic, 
and the higher powers of the empirical equation must be employed. The re- 
sult is that the calculation of the performance of a plate detection circuit be- 
comes very complicated. 

There is given here a method of calculating plate detection performance 
under certain limiting conditions. Employing the Carson series method, for- 
mulas and tables are developed from which can be calculated the harmonics 


1 Bureau of Engineering Research, The University of Texas, Austin. 
* See the bibliography. 
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of the audio-frequency plate current when the standard signal is impressed on 
the grid circuit. The fundamental output and the amount of distortion are 
calculated for a detection circuit employing a UX-201A vacuum tube, and 
the results obtained are compared qualitatively with experimental results ob- 
tained by Ballantine. 





The standard signal 


The radio signal emitted by a broadcasting station consists of a wave of 
high and constant frequency upon which are superimposed the comparatively 
low and varying frequencies of voice or music. The audible frequencies are 
thus transmitted as periodic variations in the amplitude of the high or radio 
frequency wave. If both high and low frequency waves are sinusoidal, the 
equation for the signal is 


e, = E(1 + msin wz) sin wyt. (1) 


The symbols have the significance indicated in the table of symbols at the 
end of the paper. Actually, the waves of radio transmission and reception are 
far more complex than that represented by the above expression. However, 
Eq. (1) lends itself to mathematical manipulation. For that reason, in analy- 


- 


, 
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Fig. 1. A linear static characteristic. 
zing the performance of any piece of radio apparatus, it is convenient to as- 
sume that the input to the apparatus is represented by this equation. From 
results obtained using this simplified signal as a standard, it is possible to 
form an idea of what the performance will be when the input is more complex. 


Il. IpeaL DETECTION 


The linear form of the static characteristic 


It is generally stated that a vacuum tube circuit having a static charac- 
teristic of the form shown in Fig. 1 will give ideal detection when the tube is 
polarized to the break in the curve. Suppose the input is the standard signal, 
a modulated wave as drawn in Fig. 2. The static characteristic of Fig. 1 gives 
linear rectification, and the plate current due to the input voltage e, is of the 
form shown in Fig. 3. To demonstrate that the tube is an ideal detector, it is 
necessary to find the Fourier series expression for the plate current wave of 
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Fig. 3, and to show that this series contains terms of frequency f, but none 
of frequency 2f,, 3f,, etc. 


Derivation of output equation 


If, using 0—0’ as an axis, the equation of portion a—b of the static charac- 
teristic shown in Fig. 1 is 


ip = Ke,, (2) 


~ 


then the plate current is represented by the positive values of the following 
equation: 


ip = KE(1 + msin wf) sin wyt (positive values only) (3) 


Eq. (3) of course, gives both positive and negative values, and the problem 
is to obtain from it an equation which will give only positive lobes as indi- 
cated in Fig. 3. 


es /T\ 4 he ip F ql hy 
4 
‘i A AN t 
V Hy \ “ 
\ Fig. 3. Form of plate cur- 


rent wave resulting from 
Fig. 2. Form of grid voltage wave. linear rectification. 

















Let the required equation be the series, 


i, = bb + ay sin x + agsin2x + azsin3x+--- 
Pp 


4 
+ b, cos x + be cos 2x + b3 cos3x+:--- (4) 
where x = wyzt. 
Rewriting Eq. (3), 
= KE(i + msin x) sin qx (positive values only) (3’) 
where 
WH 
Reece 
Wr 


To find the coefficient of the zth sine harmonic, multiply Eq. (4) by 
sin zxdx and integrate. 


a ip Sin sxdx = ar. (5) 
0 
Combining Eqs. (5) and (3’) 


a,a7 = f {KE(1 + m sin x) sin gx (pos. values only) } sin zxdx. (6) 
0 
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The next step is to perform the integration of Eq. (6) taking into account 
only the positive values of the expression KE(1+™m sin x) sin gx. The cosine 
coefficients are found in the same way.* 

There is thus obtaine< the. following series for the rectified plate current 
of an ideal detector: 











KE KEm. KE 
ip~=—-+ sin wt + — sin wyt 
T T 2 
KEm KEm 
-_ _— cos (wy a wr)t + cos (wy —_ wr)t 
K Em ; 
+ —— E sin (2wy — wz)t — ¥ sin (2wy + wz)t 
T 
Bi. = 
oa 3.5 sin (4wy — wy)t —_ 3.5 sin (4wy a wr)t (7) 
1 . 1 . 
ob a sin (6wy oe wy)t a (6wx + wr)t + etc. | 
5.7 $.7 
2KE : 1 
- — 3 COS 2wyt —_ 3.5 cos 4wyt 
1 
“> ome COG 6wyt — et. |. 
wet 
Conclusions 


Concerning ideal detection of the standard signal, these conclusions may 
be drawn: 

(1) A characteristic curve of the form of Fig. 1 does produce ideal or dis- 
tortionless detection for the standard signal. 

(2) The output of the fundamental is linear; i.e., it depends upon E and 
not upon £?, and it depends upon m and not upon m?, 


III. APPROXIMATION OF IDEAL DETECTION 


The typical tube characteristic 


The static characteristic for ideal detection, the broken line curve of Fig. 
1, is impossible of attainment in practice. No tube nor circuit has been de- 
vised which has a characteristic bending so sharply. A typical curve for a 
modern detector tube is shown in Fig. 4. 

To approximate ideal operation as closely as possible, the tube is polarized 
to the knee of the curve. The grid voltage then swings about 0—0’ as an axis, 
and, to minimize the effect of the curved portion c—c’ of the characteristic, 
the grid swing is made sufficiently large to include the straight line portions 


* For details of this integration see The University of Texas Bulletin No. 3114, Bureau of 
Engineering Research. 
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a-c and c’—b. The operating range a—c-c’—b of the characteristic of Fig. 4 is 
thus made to resemble the characteristic of Fig. 1 except for the fact that the 
two straight lines a—c and c’—b of Fig. 4 are connected by acurve c-c’ instead 
of intersecting at a point as in Fig. 1. 


a 


The problem 


The entire static characteristic curve, using the axis of grid polarization 
as the zero axis, can be represented by a power series 


tp = Ao + aye, + ace,” + aze,? + ayes? + - - (8) 


where the series is to be continued until the desired accuracy of representa- 
tion of the curve is obtained. 

Now, having an empirical equation such as (8), the problem is to solve : 
for the direct and audio-frequency current output of a detector tube when a 
large signal is impressed on the tube. 


Plate current 











Neg. aml Ee Pos. 
Grid Volts 


Fig. 4. Typical vacuum tube static characteristic. 


Method of solution 


For the present, the following limitations are imposed: first, that no grid 
current flows; second, that the external impedance of the plate circuit is neg- 
ligible. The equation of the 7,—e, curve is taken to be of the form (8), where 
the equation has been set up with the axis of grid polarization as its zero axis. 
The input to the tube is taken to be the standard signal. The audio-frequency 

° current output is to be expressed as a trigonometric series with the audio-fre- 
quency as the fundamental frequency of the series. 

For reference, the two known equations and the desired equation are " 
written below: 





———— ees 


tp = do + di, + des”? + a3¢,° + -: : - (8) 
eg = E(1 + msin wzf) sin wyzt. (1) 
ip = Cot bi Sin wrt + be sin 2wzt + 53 sin 3wzt (9) | 


+ ¢; COS wrt + co cos 2wz zt + cz cos 3wyt:: 


+ terms of high frequency. 


Eq. (8) is the known tube characteristic; Eq. (1) is the known input voltage; 
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Eq. (9) is the desired form of the expression for the output current where the 
coefficients Co, 5;, be, C1, C2, - - - etc. are to be determined. 

The general term of the right-hand member of Eq. (8) is a,e," and, from 
this point on, the general term will be dealt with. If the value of e, as given 
by Eq. (1) is substituted into Eq. (8) the general term becomes: 


a,E"(1 + m sin wt)” sin" wyt. (10) 
By means of the binomial theorem, this term (10) may be expanded, and 


there results the sub-general term 


n! 
a," ——————- m’ sin’ w t sin" wyt. (11) 
r'i(n—r)! 


where r has successively all the integral values, zero to m inclusive. 
The trigonometric term sin’ w,t can be expressed as 


sin’ w;t = Cir sin wrt + Cs, sin 3w zt 


a , (12) 
+ C5, Sin 5wyt +--+ + ¢,,sin rwzl 
when ¢ is an odd integer; and in the form 
sin’ wrt = dor + de, cos 2w zt 
(13) 
+ ds, cos 4wyt + ---+ d,, cos rw zt 
when ¢ is an even integer.‘ 
Similarly, 
sin” wyl = C1, Sin wyl 
(14) 
+ C3, SIN 3wyt + +++ + Cn, SIN Nwgl 
when 7 is odd; 
sin” wyt = don _ don cos 2wyt 
(15) 


+ dy, COS 4wyt + +--+ + day COS Nwyt 
when 2 is even. 
Substitute expansions (12), (13), (14), and (15) into the sub-genera! term 
(11): 


If r is odd and » is odd, term (11) becomes 








‘ The coefficient C,, is given by: 














, (= 1)e-n/2 1 r! 
Cor = (- 2 
° ar (=*) (44 
7th o ): 
— 1 r! 
Similarly, dpr = (— 1)?/? — 
?r-1 '—— p . r+p) 
wae ws 
1 r! 
ds « 
2° (r/2)'(r/2)! 
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nim" ; 
a, Ek" ————— -[cir sin wrt + C3, sin 3w,f + --: - 
r'(n — r)! 
+ ¢,, sin rw t] [cin Sin wyl (16) 
+ Can Sin 3wyt + +--+ Cnn Sin nwnt). 
If ris even and 1 is odd, term (11) becomes 
; nim" 
4.E* ————— [de + da 008 Jot + --- 
ri(n — r)! 
+ d,, cos rw1t| [ein Sin wyt ' (17) 
+ C3n sin 3wyt + Poem + Cnn sin nwt | . 
If r is odd and is even, term (11) becomes 
; nim" ; ; 
a,E" ————— |c1, sin wyt + 3, sin 3wpt + -°- 
ri(n —r)! 
+ ¢,, sin rwzt||don (18) 
+ do, cos 2wyt + --- + dn, cos nwt | . 


If r is even and n is even, 


: n!m™ 
a," —————— -|dor + do, cos 2w;t + -:- 
ri(n — r)! 
+ d,, cos rw t| [don + do, cos 2wyt (19) 


+.---+d,, cos nwyt|. 


There are, then, four possible expansions of the sub-general form (11); 
these are the expressions (16), (17), (18), and (19). Since and r are restricted 
only to positive integers and not to either odd or even integers, all of the 
above four forms will occur. 

The following three trigonometric formulas will be used in performing the 
multiplications indicated in expressions (16), (17), (18), and (19): 


sin x sin y = — } cos(x + y) + 3 cos (x — y); (20) 
cos x cos y = 3 cos(x + y) + 3 cos (x — y); (21) 
sin x cos y = }sin(x + y) + 3 sin (x — y). (22) 


Referring now to form (16), the performance of the indicated multiplica- 
tion will result in terms of the type: 


ConCur sin Uw pt sin Vwyl 


where u and v designate the general terms of the two series. Eq. (20) shows 
this product to result in terms of sum and difference frequencies. The summa- 
tion frequencies are of course higher than the carrier frequency, and the dif- 
ference frequencies may safely be said to be much higher than the audio 
frequencies. The lowest difference frequency given by expression (16) is 
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cos (wy —rw ,)t. Referring to term (11), 7 is limited by m, and the lowest differ- 
ence frequency will depend upon the highest value of m in the power series 
for the tube characteristic. This lowest difference frequency is, therefore, 
cos(wy — nw_)t. 

Form (16), then, produces no terms of audio-frequency. The same is true 
of form (17). The conclusion may be drawn that the terms of the power series 
having odd exponents do not affect the audio frequency. 

The general forms (18) and (19) can be treated in the same way, and it 
will be found that audio-frequency results only from the products 


(Cir Sin wrt + C3, Sin 3wzyt + - ~:~ + Cp Sin rwzt)don (23) 
and 
(dor + do, cos 2w it a «- oo d,, cos rwpt)don (24) 


where » must be even, where, in expression (23), r has all odd integral values 
from zero to n, and where, in expression (24), r has all even integral values 
from zero to inclusive. 

From these two products, it is easy to pick out the coefficient of any par- 
ticular harmonic of the audio frequency; e.g., the coefficient of the third sine 
harmonic is do,¢3,, and the coefficient of the zth sine harmonic is dp,¢.,. But 
the product (23) is only a typical form. The total coefficient of sin zwzt is 


given by 
punt) nim" 
» a,” = donCre 


rz ri(n — r)! 








where the summation is for the odd values of r only, and where c., is a func- 
tion of r. 


The total coefficient of cos zwt is obtained from 


rae ; nim" 
z an ~y r\(n — rv)! dond zx . 


From the above summations, we can write general formulas for the coef- 
ficients of the harmonics of the audio-frequency current. 

The general term a,e," of the power series for the static characteristic 
makes the following contribution to the coefficient of the zth sine harmonic of 
the audio-frequency: 


General formulas 





— ni —? . (m/2)? (m/2)?+2 
a, EE” (— 1)@-) | een te ee + eh a kb 
29-1 B (n—z)O!z! (wm — 2 — 2)!3'(c + 1)! 
2 
(m/2)?+4 (m/2)?+6 





(n—2—4)!2!(2 +2)! (n-—2z — 6)!3!(z + 3)! 


(m/2)"-3 (m/2)"-! 





+ — + . 
” n—3—2\!(n—3+2\! + n—1—z\!/n-—-1+:\! 
ee 2 2 2 2 5 
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In the above formula: m must be an even integer greater that z; z must be an 
odd integer; 7 is to be less than wy/2wrt. 


The general term a,e," of the power series for the static characteristic 
makes the following contribution to the coefficient of the zth cosine harmonic: 








1 n'! (m/ 2)? (m/2)?** 
dy a ——— _— 1)? ae ‘ - + . maaan - pasiie 
2n-1 n |! (xn —s)!0!s! (wn — 3s — 2)'1'(2 + 1)! 
4 
(m/2)?*4 (m/2)?*5 
(n—2—4)!2'( +2)! (n—3s— 6)!3\(c + 3)! (26) 
(m/2)"-* (m/2)"-° 
ne ° + a ee iinet linia 
n—2—2\!/n-—2+:3:\! n—-QO—z\!fn-—-0+32\! 
! sates TE Bin Rs, |) aR 
21( 2 2 ) 2 2 


In the above formula: must be an even integer greater than or equal to 2; 
z must be an even integer; 7 is to be less than wy/2w ,. Formula (26) differs 


from formula (25) only in the term which determines the sign, and in the 
fact that the integer z must be even rather than odd. 


The general term a,e," of the power series for the static characteristic 
makes the following contribution to the direct current output of the tube: 


1 n! ri (m/2)? (m/2)4 
a,E* —| —— || — + ————__ + —____ 
2" n>) nm! (a — 2)'1!1! (mw — 4)!2!2! 
Ei. 
(m/2)$ 
__(m/2y° a eee (27) 
(n — 6)!3!3! 
i: 


(m/2) n—4 


(‘ _ -) (* _ *) 
4!{ ——— }!| ——— }! 
2 2 
: ee: » lhe <mnomentnonaerecemeenataene 
(=) e (~):(*) 
2!4 —— }!| ——— }! O!, — It — }! 
2 2 ) 2 2 


In formula (27) m must be an even integer. 





The coefficients for direct current and for the fundamental audio-frequency 
and its low harmonics 


Using the above general formulas, it is possible to write: 











ey 
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The direct current output of the tube: 
ao 
a a2E?(0.5 ~ 0.25m?| 
+ a,E*[0.375 + 1.125m? + 0.140625m*] 

aa agE®|0.3125 + 2.34375m? + 1.757812m* + 0.90765625m®| 

+ asE*|0.2734375 + 3.828125m? + 7.177734m4 + 2.392578m® ] (28) 

+ 0.07476807m® 
+ ayE'[0. 2460937 + 5.537109m? + 19.37988m4 + 16.14990m® 
+ 3.028107m® + 0.06056213m"° | 

oa ‘ 

The fundamental output (i.e., the coefficient of sin wzt): 
a2E*(0. 25m] 

+ asE4[1.5m + 1.125m'| 

+ agE®{1.875m + 4.6875m3 + 1.171875m'| 

+ asE8[2.1875m + 11.484375m® +: 9.570312m> + 1.196289m’] (29) 
+ ayoE'[2.460937m + 22.14844m3 + 38.75987m> + 16.14990m’? 

+ 1.211243m?® | 

os ‘ 

The second harmonic output (coefficient of cos 2wzt): 

— azE*{0.25m?| 

— asE*[1.125m? + 0.1875m‘| 

— agE*|2.34375m? + 2.34375m4 + 0.1464844m'] 

— asE8{3.828125m? + 9.570312m* + 3.588867m® + 0.1196289m5] (30) 
— ayoE"[5.537109m? + 25.83984m4 + 24.22485m* + 4.844971m5 

+ 0. ecole 


The third harmonic output (coefficient of sin 3w zt): 
- a,E*|0.375m| 
_ asE*{1 .5625m3 + 0.5859375m5| 
— agE*[3.828125m3 + 4.785156m5 + 0.7177734m7]| (31) 
-- ayoE'[7.382812m* + 19.37988m59 .68994m7 + 0.8074949m? | 


It will be found that those terms in expressions (28), (29), (30), and (31) 


i's 
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which involve the parameter a2, check with the corresponding terms derived 
from small signal theory where parameters higher than a2 are not included. 


Effect of grid polarization 


The above discussion was based on the condition that the equation of the 
i, —e, curve had as its zero axis the axis of polarization. A change in the grid 
bias can be taken into account by shifting the zero axis of the power series 
which represents the 7,—e, characteristic. 


Conclusions 


From Eqs. (23), (24), (25), and (26) and their derivations, it is possible to 
draw some interesting conclusions: 


1. Only the even exponent members of the power series produce d.c. and 
the audible frequencies. 

2. The mth term of the power series (i.e., @,e,") can introduce no harmonic 
higher than the mth but affects all harmonics lower than this. 

3. The sine harmonics are all odd. 

4. The cosine harmonics are all even. 

5. As the signal strength increases, the importance of the higher terms of 
the power series increases. 


6. As the percentage modulation increases, the importance of the higher 
terms of the power series increases. 


Extension to include pure resistance loading in grid and plate circuits 

The method of analysis given in Section III has been based upon the 
condition that the relation between the voltage impressed upon the grid cir- 
cuit and the current flowing in the plate circuit is defined by a single valued 
curve the empirical equation of which can be expressed in the form of a power 
series. This is true when the detector tube alone is considered. It is also true 
when the impedances combined with the tube are pure resistances. However, 
when the impedances are functions of frequency, the relation between plate 
current and varying grid voltage is defined, not by a single valued curve, but 
by a series of closed curves. 

In order to apply the previous analysis to the case where the tube is used 
in connection with pure resistances, it is only necessary to use as a basis the 
static characteristic of the detection circuit rather than the characteristic of 
the tube alone. The detection circuit may be set up, and its static characteris- 
tic can then be taken by the ordinary d.c. methods. Or it is possible to use the 
static characteristics of the tube alone and, by graphical means, derive from 
them the static characteristic of the detection circuit for any particular cir- 
cuit constants which may be chosen. 


IV. Power Series ANALYSIS OF STATIC CHARACTERISTIC 
Method of simultaneous equations 
The previous analysis of detector performance has used as a basis Eq. 


* The University of Texas Bulletin No. 3114, Bureau of Engineering Research. 
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(26),an empirical relation between plate current and signal voltage expressed 
in the form of a power series. If the static characteristic represented by such 
a series is simple, or if the range covered is small, the parameters can be 
solved for by the method of simultaneous equations. For example, if four 
terms of the series are sufficient, it is possible to choose four points on the 
curve, solve four simultaneous equations, and obtain the constants do, a), ds, 
and a;. The graph of the empirical equation passes through the four chosen 
points. 

However, the characteristics to be analyzed can seldom be represented 
over any large range by a four-term series. If a close fit is desired, and if the 
series is extended to say d,0e'° in order to obtain this close fit, then it becomes 
necessary to solve eleven simultaneous equations. Further, though the em- 
pirical equation so found must pass through the eleven chosen points, in be- 
tween these points its graph may not fit the original curve at all. 


Fourier series method 


The following method avoids the above difficulties.® 

Suppose that the region Ej —0—E,’ of the curve is to be represented by a 
power series, the zero axis of the equation to be the axis of grid swing, which 
is located at the center of the distance Ey)— EE’. There is to be obtained an 
equation of the form 


ip = ay + aes + are,” + aze,2 + --- 


where ¢,=e¢,—£,. Express the variable e, as the following function of the 
arbitrary variable x: 


e, = Eqsin x. (32) 


Replot the curve replacing e, by the new variable x. There is obtained a 
periodic function of x. If this periodic function is analyzed by the Fourier 
series method, there results the equation, 


tp = Co + db, sin x + b3sin 3x + bssin5x+--:- 


(33) 
+ cocos 2x + cxycos4x + cgcos6x+---. 


The even sine and the odd cosine terms of the series are excluded because the 
curve is symmetrical about a vertical axis through the point x = 90°. 

Now sin 3x=3 sin x—4 sin*x; sin 5x=5 sin x—20 sin*’x+16 sin®x; etc. 
But, from Eq. (32), 


sin x = e,/Ep. (34) 


* De La Vallee Poussin, L’Approximation des Fonctions, pp. 63, 64. The writer was re- 
ferred to this book after his development of this method. 
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Therefore, 
: 3es 4e,' 
sin 3x = — — : 
Eo E,? 
ns 5e, 20e,' 16e,5 
sin 9x = _ + ; 
Eo 0° E,® 
2e," 
cos 2x = 1 — —; 
E,? 
8e,? 8e,4 
cos4x = 1-— ners! i neem 
ite Mot 


And so, using the above relations, the Fourier series of Eq. (33) can readily 
be transformed into a power series expressing 7, as a function of e, over the 
range Ey—O—E’. It will be noted that, if the Fourier series ends with the 
angle 11x, the power series ends with the term e,'!; if the Fourier series ends 
with the angle 12x, the power series ends with the term e,'?; and so on. 
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Advantages of Fourier series method 


The above method reduces the power series analysis of a given curve to 
the Fourier series analysis. It thus avoids simultaneous equations and the 
raising of numbers to the higher powers. Moreover—and here lies the chief 
advantage—it is not necessary to obtain the power series before the closeness 
of fit can be tested. When Eq. (33) has been obtained, the closeness of fit can 
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easily be tested without any need of raising e, to a series of high exponents 
only to find that the series is not long enough. If it develops that Eq. (33) 
does not fit closely enough, the Fourier series can readily be extended, and 
none of the previous work must be discarded. When the Fourier series is long 
enough to be sufficiently accurate, it can be transformed into the power series, 
and the analysis is complete with no need for testing or extending the power 
series. 


V. ANALYsIS OF DETECTION PERFORMANCE 
or UX201-A Vacuum TuBE 


Comparison with experimental results 


Using the formulas developed, detection performance has been calculated 
for a UX201-A tube having external resistances in the grid and plate cir- 
cuits. The results are plotted in Fig. 5, 6, 7, and 8. Ballantine’ has obtained 
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these curves experimentally. It is interesting to compare the two sets of 
curves qualitatively. Since different circuit constants were used in each case, 
they cannot be compared quantitatively. The distortion curves all show the 
same pronounced dip at some critical value of signal strength. Further, this 
critical value of E is little affected by the percentage modulation so that the 
best operating point of the circuit is the same for all modulations. In both 
the calculated and the experimental curves, the best operating point is 
reached after grid current begins. Ballantine mentions that the second har- 
monic, as obtained experimentally, decreases as E increases becoming zero 
near that value of E which makes distortion a minimum. At this point the 
second harmonic reverses phase and then increases as E increases. The second 
harmonic curve of Fig. 5 is in agreement with Ballantine’s results. 


7S. Ballantine, Detection at High Signal Voltages. Part I—‘“Plate Rectification with 
the High Vacuum Triode”, Institute of Radio Engineers, Proc. 17, 1153 (1929). 
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For low modulations, Ballantine obtained curves showing that the funda- 
mental output first increased with E, reached a maximum at some value of E 
greater than that which gave minimum distortion, and then decreased sharp- 
ly with a further increase in E. For low modulations, the calculated curves 
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of Fig. 6 show a slight decrease in fundamental output when E becomes 
greater than 15 volts, but nothing like the decrease Ballantine obtained. The 
difference is probably due to the difference in circuit constants. Refer to the 
curve of Fig. 8 for m=1.00, E.= —5 volts. Apparently the dip in the curve 
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occurs when the polarization point is shifted away from the knee of the static 
characteristic. 


Effect of the grid bias 
The curves of Figs. 8 and 9 have been plotted to show the effect of varia- 
tion of E,. With the exception of £., the circuit constants are the same as be- 


fore. The modulation is taken first as 1.00 then as 0.20, and E. is allowed to 
take the values —15 volts, —10 volts, and —5 volts. 
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The principal effect of moving the polarization point away from the knee 
of the characteristic appears to be to increase the value of E which gives mini- 
mum distortion. Thus: 


for E. = —10 volts (knee of the characteristic), minimum distortion is ob- 
tained for E=11 volts; 

for E.= —5 volts, minimum distortion is obtained for E=17.5 volts: 

for E,= —15 volts, minimum distortion is obtained for E =17.5 volts. 


The variation in E, does not greatly affect the actual value of the minimum 
distortion; Fig. 9 indicates that, for 100 percent modulation, it is possible to 
obtain as low as 8 percent distortion for all three values of Z.. After the mini- 


mum point is passed, the curves for E.= —5 volts and E, = —15 volts show 
the distortion to increase very rapidly with E, much more rapidly than for the 
case E.= —10 volts. 


TABLE OF SYMBOLS 
éy—total voltage in the grid circuit. 
éo=e, + Ex. 
e,—signal voltage. Throughout this paper the signal is assumed to be the standard, 
e,=E(1+m sin wzt) sin wyt. 
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E-—d.c. grid bias. 

E—amplitude of the carrier wave. 
m—percent modulation. 

wr—2nfr, where fy, is the audio frequency. 

wy—2nfy, where fy is the carrier frequency. 
r-—external grid resistance. 

rp—external plate resistance. 
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ABSTRACT 


A new mathematical theory of wave filters gives the following results: It is possi- 
ble to realize as constant an image impedance as desired in the transmitting bands. 
In the new theory there is no mathematical difference in the consideration of proper 
attenuation or proper image impedance characteristics. In other words, the same at- 
tack applies in both cases. All known wave filters as far as they are symmetrical four- 
terminal networks or equivalent to such networks in series with a transformer, are 
contained in the filters of the new theory which comprises all possible filters of this 
kind. The new theory has been carried through practically to find out the most 
economical filter for any practical purpose. This results in many cases in solving a 
given practical question already solved by known methods with considerable saving 
of material. The chief aim of this paper is to show the relation between the new 
theory and the older design methods due to O. J. Zobel and other members of the 
Bell Laboratories. 


INCE O. J. Zobel published his paper “Theory and Design of Uniform and 
Composite Electric Wave Filters”! beginning with the words “The elec- 
tric wave-filter as regards its general transmission characteristics and its 
extremely important role in communication systems, is well known,” his 
own theory and methods of designing filters have also become well known and 
have come into general use.” Therefore a short review of his methods should 


suffice. 
mee -—e— bo 
1 | | 2 Ss 


Fig. 1. Filter chain. 

















The filters used by Zobel are generalizations of the filter chains with iden- 
tical sections, invented independently by G. A. Campbell and K. W. Wagner. 
The several sections (1, 2, 3 in Fig. 1) may be general passive’® four-terminal 
networks (symmetrical or unsymmetrical) but such that a certain condition 
of matching is satisfied between any two successive sections. To understand 
this precisely we define the following three parameters (functions of fre- 
quency) which characterise completely the exterior properties of any four- 


* The first short communication of the new theory was made in a lecture given November, 
27, 1928, in Géttingen. 

1 The Bell System Technical Journal (1923). 

2 See, for instance, the book of K. S. Johnson “Transmission Circuits for Telephonic 
Communication”, and the book of T. E. Shea “Transmission Networks and Wave Filters”. 

3 “Passive” means that no electromotive forces or tubes or negative impedance elements 
are contained in the network. 
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terminal network F. Image impedances are defined as those impedances W,, 
W, which are uniquely determined by the following requirement: F with W, 
connected across the ends 2, 2 (Fig. 2) gives a driving point impedance W, 
at the ends 1, 1. And at the same time F with W, connected across the ends 
1, 1 gives a driving point impedance W, at the ends 2, 2. 

The propagation constant T is defined as 


rT = log. J:/J2 = A, + iB, 


where J; is the complex input current and J2 is the complex output current in 
the case where the four-terminal network F is connected with the image im- 
pedances W, and W?2 as shown in Fig. 2, an electromotive force being as- 
sumed in series with the impedance W. 

The condition of matching mentioned above may be stated as follows: 
The image impedances at the connected ends of two successive sections must 
be equal. It is obvious that in any chain which satisfies this condition the 
image impedances of the whole chain are identical with the image impedances 
at the free ends of the first and last section of the chain, and the propagation 
constant of the whole chain is the sum of the propagation constants of all 
sections. 


Ss F E 
ee 


Fig. 2. Filter connected with sending and receiving apparatus. 





It follows that it is not difficult to calculate the behavior of such a chain 
structure as a function of frequency if the frequency characteristics of the 
single sections are known. By combining several comparatively simple sec- 
tions in the manner just described it becomes possible to realize attenuation 
characteristics A; which are much better than those obtainable by single sec- 
tions with a restricted number, say 6, circuit elements. As was stated above, 
the image impedances of the whole chain are determined by the end sections. 
There are several devices developed to obtain proper image impedances by 
suitable end circuits, the best known of which is perhaps Zobel’s M-type.‘ 

What we really need in a filter is a working attenuation A (total attenua- 
tion) which is nearly zero in prescribed frequency ranges and greater than a 
given constant in the main part of the complementary frequency ranges. The 
total attenuation may be defined as A =log, ( | J’/ Jo | ), J’ denoting the cur- 
rent which flows in the receiving apparatus if sending apparatus S and receiv- 
ing apparatus E are immediately connected, Jz denoting the corresponding 
current if the wave filter F is put between these two pieces of apparatus 
(Fig. 2). Only if Sand E have impedances W; and W, equal to the image im- 
pedances W, and W, of the corresponding ends of the filter F, will the total 
attenuation be equal to the “attenuation constant” A, as defined before. 


* See also papers of Feldtkeller and Strecker for instance Elektrische Nachtrichtentechnik, 
June, 1927, and H. W. Bode, B.S.T.J., October, 1930. 
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Without restriction on generality (by using a suitable transformer) we may 
assume that those impedances of S and E are practically the same real con- 
stant R in the transmitting range (or transmitting ranges). The effect of not 
matching image impedances (W:#R, W2#R) on the total attenuation is such 
that additional terms must be added to the attenuation constant A, which de- 
pend on Wi, W2 and R. It is known that, taking a comparatively simple four- 
terminal section, it is possible to have A,>0 in the prescribed attenuation 
ranges and A,;=0 in the complementary ranges. Hence by taking a chain with 
a sufficiently large number of such sections it is obvious that we succeed in a 
nearly ideal A,-frequency characteristic. Because A, is usually numerically 
the chief part of the total attenuation A, the filters of the kind just mentioned 
satisfy in a rough way those formulated ideal requirements. Mathematically 
the ideal A; or the known chain structures solve only half of the problem by 
making the total attenuation sufficjently high in the attenuation bands, but 
not guaranteeing a nearly zero attenuation in the transmitting ranges. For 
satisfying the latter condition with a high degree of accuracy, we need filters 
with nearly constant image impedances (= R) in the transmitting ranges. But 
there is another more important practical reason for this image impedance re- 
quirement; in order that echo effects in connecting long lines with filters may 
be low the image impedance of the filter should be as constant as possible in 
the transmitting ranges. 

The Zobel method of designing wave filters consists essentially in com- 
bining suitably matched sections to a chain structure. On the one hand it be- 
comes possible by this method to calculate practically the attenuation, image 
impedance and total attenuation characteristics of quite complicated four- 
terminal structures by tabulating only the characteristics of a series of com- 
paratively simple four-terminal networks. For appreciating the advantages 
of the new theory it must be considered that up to the present: 

(1). Although it has been shown that by taking chains with a sufficiently 
high number of sections, it is possible to satisfy any given requirement for 
the attenuation constant A, there is no certainty whether in this way the 
most economical solution with the minimum number of circuit elements is 
obtained. 

(2). Although the image impedances were improved by suitable termina- 
tion, (a) it has not been shown mathematically up to the present, that it is 
possible to realize as constant an image impedance as is desired in the trans- 
mitting bands; (b) moreover not only the image impedance but also the at- 
tenuation is influenced by the terminating circuits. Thus by methods of 
suitable termination an image impedance requirement can not be satisfied 
without changing the characteristic of the attenuation constant A;; (c) suit- 
able termination does not necessarily give the most economical solution of 
an image impedance requirement but sometimes contains superfluous circuit 
elements. 

Much as we are indebted to the numerous researches of the electrical en- 
gineers in the field of filter-networks, a general theory of wave-filters has not 
existed until now. 


é 
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In the new theory which I shall outline the essential points are: (1). The 
joint treatment of the circuits which are equivalent for all frequencies; (2). 
The conception of those variables which characterize a 2n-terminal network 
as analytic functions of a complex variable \ (A=iw, w being the angular 
velocity in radians per second); (3). The exact study of the properties of these 
complex functions arising in such networks. 

This method of considering circuits is useful and the most general for 
the solution of all questions of communication engineering which demand 
that circuits of any desired dependence in frequency be realized. Besides 
wave-filters, further well-known examples are simulating, attenuation and 
phase correction circuits. The corresponding pure mathematical question al- 
ways involves the solution of a certain interpolation problem in which only 
the special kinds of functions arising in (3) are admitted as interpolating func- 
tions. 

In this paper an application is made of these quite general principles to 
symmetrical four-terminal networks and more particularly to symmetrical 
electric wave filters. 

A four-terminal network is called symmetrical, if the external behavior 
does not change by changing the output and input terminals, or, what is the 
same thing, if Wi= We. 


Zz Zz 


Fig. 3. Canonical symmetrical four-terminal network. 


We start with the following theorem: Any symmetrical four-terminal net- 
work is physically equivalent* to a bridge type or lattice network (one section 
only) in which each pair of opposites branches has the same driving point im- 
pedances (Z, and Zz) (see Fig. 3). 

A special case of this theorem was published first by G. A. Campbell in 
“Physical Theory of Wave Filters”. The first general proof of the theorem is 
to be found in my paper “Uber die Variabeln eines passiven Vierpols”.® 

The behavior of a general unsymmetrical four-terminal network is de- 
scribed completely by three functions of frequency, for instance I’, W; and 
W2. These three functions are reduced to two in the case of symmetry W,; = W2. 
In this case however we shall prefer two other characterizing functions, 
namely, Z, and Z, the rational functions of \ which occur in the above stated 
theorem of equivalence. These impedances Z, and Z, have the simple physical 
meaning of driving point impedances in the Wheatstone bridge. We are al- 
lowed to neglect the resistances from the standpoint of theory, because trans- 
mitting bands with zero attenuation demand zero resistances. The charac- 


* Equivalent in this paper always means equivalent for all frequencies. 
5 Campbell, Bell Syst. Techn. Journ. (1922). 
® Cauer, Sitzungsberichte der Preuss. Akademie der Wiss. (1927). 
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teristic form of a driving point impedance (that is of Z; (A) and Zz (A)) with- 
out resistances is given by a theorem of R. M. Foster.’ 

The necessary and sufficient condition for the realizability of a driving-point 
impedance function z of frequency \=iw without resistances and with a finite 
number of circuit elements (positive inductances, mutual inductances, capacities) 
is that the function may be written in the following form: 


(A +b wi?) (A? + ws”) © - - (AP + we?n-1) 
A(A? + we*) «+» (A? + won—2) 





(1) 


where I is a positive constant and the resonant and the anti-resonant frequencies 
satisfy the conditions 0 <a,<We< + + > <Wen-1<Wen-1. The limiting cases w, =0, 
Wen-1= © (this means the last factor in the numerator is to be omitted) are 
allowed. 

An equivalent formulation of this theorem which is more convenient from 
the standpoint of the theory of complex variables is the following: Any 
rational function of \=iw which satisfies the following conditions and only such 
a function ts physically realizable as a driving point impedance without resist- 
ances. The function is regular in the interior of the right \-half plane and has 
there a positive real part. The function is real on the real X-axis and pure imagin- 
ary on the imaginary d-axis (except for poles which are necessarily simple). 

If in the following we use the impedances Z; and Z, for characterizing a 
filter network and reduce the design problem of a filter to that of deriving 
suitable functions Z; and Z2. No restriction is made by this procedure of as- 
suming a bridge type circuit because any symmetrical filter network may be 
characterized by our Z,; and Z2 which are both functions of the form (1). If 
such functions of the form (1) are given there are several known methods of 
deriving physical two-terminal circuits realizing these functions as for in- 
stance the process of separation in partial fractions or development in con- 
tinued fractions or a combination of these two processes. It is unnecessary 
to point out in detail here the processes which correspond to certain ladder 
structures, because they are given the above mentioned publications of 
R. M. Foster and myself. The question of finding all other equivalent cir- 
cuits is treated in my paper “Vierpole”.* In more accurate and complete form 
the fundamental group of equivalence of general four-terminal networks is 
discussed in my paper “Untersuchungen iiber ein Problem, das drei positiv 
definite quadratische Formen mit Streckenkomplexen in Beziehung setzt”.°:” 
The given principles for deriving equivalent circuits may be applied to all 
four-terminal networks, not only to symmetrical networks. This means, for 
instance, that they may be applied to symmetrical filters in series with a 
transformer. This is of interest in so far as it shows the general application of 


7 Foster, Bell Syst. Techn. Journ. (1924); compare also Cauer, Archiv f. Elektrotechnik, 
Bd. 705 Dec. (1926). 

8 Elektrische Nachrichtentechnik (1929). 

® Cauer, Mathematische Annalen (1931). 

10 Another paper is planned to discuss the question of equivalence for four-terminal net- 
works without resistances. 
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the theory and design method given here to cases for which the sending ap- 
paratus S and the receiving apparatus E have different impedance values. 

In the next section it will be shown how to determine Z; and Z2 in order 
to obtain any desired symmetrical wave filters. Afterwards it will be pointed 
out in how far the known filters are only special cases of the general filters 
derived by the new theory. 

Instead of taking Z,; and Z, themselves it is more convenient for charac- 
terizing a filter to take the product Z,Z; and the quotient Z2/Z,. For the pro- 
pagation constant I’, and therefore the attenuation constant A; which is the 
real part of I’, depends only on the quotient Z2/Z, according to the equation 


(Z2/Z;)'/* + 1 
r = log, ———————__ (2) 
(Z2/Z;)'!2 — 1 
On the other hand the image impedance (characteristic impedance) Z de- 
pends only on Z;Z2 according to the simple relation 


Z = (2)22)"!. (3) 


To reduce echo effects Z should approximate a positive constant R in the 
transmitting ranges, R being the impedance of the given sending apparatus S 
and the receiving apparatus E. But this follows also mathematically from the 
attenuation requirement which gives us a requirement for the quotient 
(Z2/Z,)/*. As stated above the total attenuation A depends not only on the 
filter network (Z, and Z2) itself, but on the resistance R of the connected ap- 
paratus as well. According to the definition of A given above, we easily get 
the formula (see appendix 1) 














|(1 + Z1/R)(1 + 22/R) | 
= log, —— 
Z2/R —Z,/R (4) 
(1 + 2:)(1 + 22) | 
= log. |———_—___—_ : 
Ze — 31 | 
by introducing the reduced impedance functions of the kind (1) 
41; = Zi/R, 22 >= Zo/R. (5) 


By using this notation a more symmetrical mathematical formulation of our 
technical requirements becomes possible. 

We want to have (a) A nearly zero in the given transmitting frequency 
ranges (these ranges are certain given intervals of the pure imaginary )-axis), 
and (b) A nearly infinite in the complementary frequency ranges. The first 
condition is equivalent to the following condition: 


(1 + 2:)(1 + 22) 


— o 
22 21 





= 1 


in the transmitting ranges. By this requirement the case z.—2,;=0 or 
1/z,;—1/2.=0 is excluded. Since according to (1) 2; and z2 are pure imaginary, 
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by taking the square of the absolute value the ideal requirement may be writ- 
ten in the form 





or 


2,22 =1 in the transmitting ranges. (6) 


According to (3) and (5) this is the same as Z=R. This is also the con- 
dition stated above for reducing the echo effects. Because 2; and z, may be- 
come infinite or zero in single points only, according to (1), the requirement 
(b) obviously reduces to 


zo/Z, = 1 in the attenuation ranges. (7) 


This condition is equivalent to Ay= = which follows from the fact that A; is 
the real part of (2) (1) considering the definition (5). With 2,(A) the function 
1/z,(A) is according to (1) physically realizable as driving point impedance 
without resistances. Hence the interpolation problem for approximately satis- 
fying the ideal requirements (6) and (7) is mathematically the same for (6) 
as for (7). 

By the method described above of taking a chain with a sufficiently large 
number of equal sections, each section being a simple symmetrical four- 
terminal network satisfying the conditions 

A,=0 in the transmitting ranges, 
A,>0 in the attenuation ranges 
it has been shown physically (and of course indirectly mathematically too) 
that (7) may be satisfied with any desired degree of accuracy by functions 
z, and 22 which are of the form (1). But, because the interpolation problem of 
satisfying (6) approximately by rational functions 2, and 22 of the type (1) is 
mathematically the same as the corresponding interpolation problem for (7), 
the chain method proves, at the same time, the possibility of getting as con- 
stant an image impedance Z in the transmitting bands as we may prescribe. 
This proof gives us also a first method of design of filters with image im- 
pedances as accurate as we need. What we have to do is to calculate the func- 
tion Z, and Z2 of a chain (see below) and then realize (for instance) R?/Z, and 
Z, as the driving point impedances in the canonical bridge type (lattice type) 
network (Fig. 3). Generally speaking, if we consider a filter with character- 
istics Z; and Z2, another complementary filter is obtained which attenuates 
where the first one transmits, and vice versa, and is good for the same im- 
pedance R of the sending and receiving apparatus (S and E in Fig. 2), by 
only changing Z,; into R?/Z, (2 into 1/2), or Zz into R?/Z: (22 into 1/22). For 
instance such a transformation converts a band-pass filter into a band-elimi- 
nation filter. 

It is equally obvious how to obtain from a given filter a reciprocal or in- 


* A general definition of reciprocal 2g-terminal networks of which the above definition of 
reciprocal symmetrical filters is a special case, is given in the appendix IT. 
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verse filter* which has the same transmitting and attenuating ranges and is 
proper for the same impedance R of the connected apparatus, but has a 
reciprocal image impedance characteristic (R*/Z) except for the positive 
constant factor R*?. We must change Z, into R?/Z, (z; into 1/2) and at the 
same time Z2 into R?/Z> (z into 1/z,). Of course the approximations of the 
ideal requirements (6) and (7) are both invariant for such substitution. 

The ideal requirements (6) and (7) show that even for a rough approxima- 
tion of these conditions no zeros or poles of z2/z; are allowed in the attenuation 
bands, and no zeros or poles of 222 are allowed for the transmitting bands. 
But the last condition signifies nothing else than coincidence of the zeros 
(resonance frequencies) of 2; with the poles (anti-resonance frequencies) of 
z in the transmitting ranges, and, simularly, the coincidence of the poles of 
z, and the zeros of z2 in the same ranges. Furthermore the first condition 
means the coincidence of the zeros of z, with the zeros of zz and the poles of z, 
with the poles of z2 in the attenuation ranges. It follows that (z2/z,)'/? has, as 
function of \*, simple zeros and simple poles separate from each other (com- 
pare (1)) in the interior of all transmitting ranges and no other zeros and 
poles. Simularly (2:22)'/? has simple zeros and simple poles which are separate 
from each other in the interior of all attenuation ranges and no other zeros or 
poles. Because in the transmitting ranges z,:22>0 (or Z real or z2/z,<0) and 
in the attenuation ranges 22/2, >0 (or 2:22 <0 or Z pure imaginary), the func- 
tions 2:22 and 22/2, that are real for pure imaginary A have necessarily a change 
of sign at any “cut-off frequency”, which is defined to separate a transmitting 
band from an attenuation band. This means that at each cut-off frequency 
either 2; or 22 has a zero or a pole, but not both together, or, what is the same, 
(z2/2:)/? and (z22)!/? have irrational factors (A?+w,?)"/2 or (A?+a,?)7!/?, 
Because zeros and poles in 2; or 2, separate each other according to (1), the 
first factor arises when (and only when) a pole of (z2/2:)'/? (or (z:22)!/*) pre- 
cedes or follows and the second factor, if a zero of (z2/z;)'/* (or (z:z2)!/*) pre- 
cedes or follows. Finally, it results from (1) that (z2/z;)!/? (or (z:22)!/2) for the 
frequency w=0 has a factor J if a pole follows and a factor 1/) if a zero of 
(z2/21)'/? (or (2:22)'/?) follows, but (z2/21)!/? (or (2:22)!/*) has neither the factor \ 
not the factor 1/) if its zeros and poles begin above the first cut-off frequency. 
With the foregoing the characteristic feature of the functions (z2/z;)!/? and 
(z\22)'/? for a wave filter with given transmitting and attenuation ranges 
(cut-off frequencies) is completely described. Conversely it is obvious that, by 
taking the quotient 2; = (2:22)!/?: (z2/2:)!/? and the product 22 = (2)29!/2 - (z2/2;)!/2, 
any pair of such functions (22/z;)!/? and (z:22)'/? as just described, gives physi- 
cally realizable 2; or Z;=R2, and 2: or Z2= Rz of a filter with the prescribed 
transmitting and attenuation bands. 

We may classify the filters into different “types” corresponding to the 
nature of their attenuation and transmission ranges. The four simplest and 
practically most important filter types are: low-pass, high-pass (both having 
one transmitting and one attenuation band), band pass (one transmitting 
and two attenuation bands), low-and-high-pass filter (two transmitting and 
one attenuation band). Both the first pair and the last pair are complemen- 
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tary (see above). Each type may be divided into an infinite number of classes 
which differ from each other by the number of zeros and poles of (z2/z;)!/? 
(or (2:22)'/*) in the transmitting bands (or attenuation bands). The following 
tables give the simplest classes for the low-pass filter type with cut-off fre- 
quence w;. The general law of building becomes quite clear from the table. 


TABLE I. (Z2/Z,)'/? for low pass filter. 





r 
(1) ual (A? + w,?) "2 
x2 oe Wa" 
OO X08 Fer 
2 2 
(3) m° BE 
(2 ae wp?) (2 os w,”)!/2 


08 + w2)08 + we’) 
(A? 4+ ww?) (2 + w)?)!/2 
i AAZ + w2)(A2 + we?) 

(d? + wa”) (A? + wp?) (2 + «1)!/2 
OF + w2)Q? + 2)? + we?) 
AONE $ ea )(N? + ews?) OP $ wr?) 


ee ¢ Ot € 2 4 Fe ae wo € @ 
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TABLE ITI. (Z;/Z2)"? for low pass filter. 





1 
(a) ail (x2 + w)?)!/2 
(? + Wa’) 
(3) B (2 + w")!/2 
eee 
Y # (2 + w 2) V2 (2 + wg) 


QF + we?) + wy?) 





(6) 








# (2 oa w")'/2 (2 ao wg?) 
( ) (r? + wa”) (d? + wy") 
€ ue ; 
(A? + cn?)"? (A? + wg?) (A? + ws") 
«) QF + wg?) (M + wy?) (+ w) 
"8 + cot)? 0 + ag?) + oe?) 
The parameters m, Wa, Wb, We, * °°, My Wa, Ws, Wy, * * * have to satisfy the 
conditions 
m>0,0<---< a < ws < wa < 13 4 > 0, w1 < we KC wg Kw, <--: (9) 


in order that Z; and Z, may be physically realizable. The resonant and anti- 
resonant frequencies Wa, Ws, * * * , Wa, Ws, ° - - in Tables I and II are written 
in their natural order of magnitude as indicated in (9). 

The tables illustrate in the simplest type the above general remarks about 
the nature of the functions (22/z2;)!/? and (2,22)!/2. If we use the method 
above mentioned to derive reciprocal filters by replacing 2 by 1/z and 22 
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by 1/22 or, what is the same, by replacing 22/2; by 2:/z2 and similarly 222 by 
1 /2:22 the tables give all possible low-pass filter classes (except for an interchange 
of Z,; and Z2 which is meaningless practically). The higher the class the greater 
is the number of the circuit elements (coils and condensers) which are neces- 
sary to realize the class. The example of the low-pass filter type illustrates 


quite clearly that each attenuation class (1, 2,3, - - - ) may be combined with 
each image impedance class (a, 8, y,---) (this is true for all types of 
filters). We use the class notation na,, (where a,=a, a2=8,a;=y, °° ) for 


a low-pass filter the attenuation class of which is and the image impedance 
or characteristic impedance class of which is a».* For instance 38 means a 
low-pass filter of attenuation class 3 and of image impedance class B. By 
dividing and multiplying the corresponding terms from the table, there re- 
sults, that for this particular class (and only for this class) the frequency 
characteristics Z,; and Z, have the following expression: 


u(A? + wy?)(A? + wa’) 
md(A2 + wa”) 
mpd(d? + wa?)(A*> + wa’) 
(M+ ws2)(X? + wr?) 


In each class there are arbitrary parameters as m, Wa, Ws, °° * , My Wa, Ws, 
- - which may be arbitrarily chosen except for the restrictions made in (9). 
An important question in the designing of filters is the most economical de- 
termination of these parameters. The features of the attenuation and image 
impedance curves depend on the choice of these parameters. The form of 
characteristics which is in general most desirable for practical purposes is 
illustrated in Fig. 4 and 5. 
Fig. 4 shows in curves 1, 2 and 3 frequency characteristics of the attenua- 
tion constant A, for the three lowest classes of a low-pass filter in the attenua- 
tion range. Abscissae are the normalized frequency Q=w/w,, where w; is the 


cut-off frequency of the low-pass filter. Ordinates are the attenuation con- 
stant 


2, = 





(10) 





(g2/z1)'/? + II 


(22/21)? — 1)" 





A, = log, 





In the transmitting range not shown in Fig. 4, A; is zero. The dotted line 
1=4.7 indicates the practical requirement A,;24A; min=4.7 for all fre- 
quencies 2>k, where k is the smallest value with this property. k decreases 
with increasing class-number (k3 <ke<k, in Fig. 4). Or, if k is given, for Q>k 
A; min has the greatest possible value. We are interested practically only in a 
certain warranted minimum attenuation constant A, to the right of a given 
frequency, and do not want unnecessarily high attenuation with increasing 
w. Therefore the described form of “Tschebyscheff approximation” of the 


* A filter reciprocal to a filter of class na, in the sense defined above (see also appendix 
II) may be denoted by an additional star as na»*. 
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ideal requirement (infinite attenuation) in the attenuation range, is the most 
economical one. With this kind of approximation it is often possible to satisfy 
the same given attenuation requirements with a lower class than a known 
filter and to save coils and condensers in this way (such a comparison is made 
farther below). 

Similarly, Fig. 5 shows in curves 6 and vy the frequency characteristics of 
the reduced image impedance Z/R = (2,22) '/? in the transmitting band for two 
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Fig. 4. Attenuation characteristics of a low pass filter. 
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Fig. 5. Image impedance characteristics of a low pass filter. 


of the lowest classes of a low-pass filter. Abscissae are again the normalized 
frequencies 2. = w/w;. The curves give again a “Tschebyscheff approximation” 
to the ideal requirement (z;2z2)'/?=1. In both curves 6 and y¥, log, (z:22)'/? has 
a minimum deviation from zero for 0S Q2Sx. The corresponding curve for 
the lowest image impedance class @ which is not shown in Fig. 5 goes far below 
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the limits of the drawing. The minimum value log 0 of log (2:22)'/? decreases 
for a given x with increasing class number but increases to infinity if x 
goes to 1. Curve y oscillates exactly between the limits (2,22)'7=0 and 
(x2) '/? =1/0 (dotted lines) in the approximation interval. This is the typical 
form of a characteristic of “Tschebyscheff approximation.” The advantages 
are of the same kind as in the case of attenuation characteristics. 

k or kx may be given as near as wanted to the normalized cut-off fre- 
quency 2=1, but not equal to 1. Then by these & or’x the values A, min or O 
are determined uniquely, as also are the “Tschebyscheff parameters” m, 
Wa, Wb, °° +» (M/R), wa, ws, ~~~, for each class, where A; min—* and 0-1 
with increasing class number. 

Indeed, the most important fact is that the physical realizability (9) is 
satisfied by the Tschebyscheff parameters.* 

Analogous considerations are valuable in the cases of high-pass, band- 
pass and low-and-high pass filters which are given in detail in the papers cited 
above. 

There is another way to solve the problem of satisfying approximately the 
ideal requirements (6) and (7) by functions of the kind (1) by means of a 
Poisson integral representation. This method gives a very clear proof of the 
possibility of the solution of our problem, showing the limiting case where the 
class-number goes to infinity and the approximation becomes ideal. This 
method of approximation may be of practical value in the cases of higher 
filter types (for instance more than two bands of free transmission) where the 
explicit determination of the parameters for Tschebyscheff approximation in- 
volves considerable difficulty. We take again the simple example of the low- 
pass filter type with cut-off frequency w. 

A Poisson integral representation of \(A2+a,”)"/? gives us the identity 


1 ~ dx 
AA? + w12)! — f re ih (11) 
wwdJo (x(w,? — x))'/*2(A2 + 4) 

It is essential that the factor of 1/A?+-x in the integrand be always posi- 
tive. After cutting the imaginary axis along DN | <w, we are only interested 
in that branch of (A?+,?)!/? in the right \ half-plane which is positive for 
\>0. By approximating the integral by a sum we get an approximation of 1 
uniform in the whole \-plane after excluding a domain which contains the 
points r | <w, of the imaginary )-axis in its interior. But this sum has the 
form 


2 = , 2 


ve] ” + b, 
where a,>0, 6,20. It follows at once that S can be written in the form 


* The mathematical treatment for low-pass, high-pass, band-pass and low-and-high- 
pass filter is given in a forthcoming paper “Ein Interpolationsproblem mit Funktionen mit 
positivem Realteil”. A detailed numerical elaboration with consideration of the resistances for 
all named types of filters was given in a book “Siebschaltungen” (a collection of tables and curve 
sheets, V.D.I.-Verlag 1931) for the purposes of practical design. 
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(A? + w,*) - - - (A? + ws?) 


m 





(A? + wut)(A? + 2) «+ + (A? + wa!) 


where m and the w’s satisfy the condition (9). Because it is possible to get 

approximations of the integral by taking w, =0 or w, =, or both, all possible 

(z2/z,)\/* classes as given in Table I, including the reciprocal classes, may be 

obtained on the left side of (11) by replacing the integral there by a sum S. 
Starting with the analogous identity 





1 * dx 

(2 + wi — f — = 1 (12) 
mw Jus (x — w;)/2(A? + x) 

corresponding approximations of the ideal requirement (6) may be again ob- 

tained by approximating the integral by a sum. Any class of all possible 

(z;22)'/? classes is given in Table II (there (2,Z.)!/? = R- (2,;22)'/*), including the 

reciprocal classes, arises in this approximation method. 

For the practical design of a filter the following circumstance is useful: 
The total or working attenuation A as given in formula (4) is nearly the 
superposition of a term A, (the attenuation constant) which depends only on 
(z2/z,)'/?, and a second term Az which depends only on (z;z2)'/?. As a correction 
only, it is sometimes necessary to consider a remaining term A3, which de- 
pends on both (z2/2,)'/? and (222)'/*. In formulas: 


A= A, + A2t+Asz 


o\ 1/2 
(=) +1 
21 


i 











A, + iB, = log. 
25 1/2 
 * 
‘ (13) 
| (Ceaze)M + 1)?| 
A» = log, ——| 
4(2)Z2)! 2 } 
A; = log. | 1 -— e~ 214 +4’ +4(B,+By')) | 
where 
(z Ze 1/2 oe 1 
Ay’ + iBy = log, == (14) 


(2122) 1/2 — ] 


It may be easily verified that these formulas give the result (4). This kind of 
separation corresponds to that given by O. J. Zobel in his paper about a 
chart method of designing wave filters, B.S.T.J., 1924. It is superfluous to go 
into the detail of the practical design of filters here since I have already 
published a paper for this purpose (see above). 

Now after describing the principles of the theory and design of general 
symmetrical wave filters it remains to show more clearly by a series of ex- 
amples that all known symmetrical filters are only very special cases of filters 
and scarcely the most economical ones. First we shall derive some rules that 
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are useful in determining the characteristics Z,; and Z2 and the class of a given 
symmetrical four-terminal network. 

Though there is no particular difficulty in calculating Z,; and Z: by de- 
termining the short-circuit and open-circuit impedance Z, and Z, of the whole 
network using the formula 


Z 
<7 = Zo + [Zo(Zo — Z,)]'” (14a) 


this calculation process may be replaced in most filters used heretofore by 
calculating the characteristics of very simple parts of the whole filter. This is 
because it usually shows some chain or symmetry structure.!! 

The series combination of two matched (see page 243) symmetrical four- 
terminal networks as 1, 1’; 2, 2’ with characteristics Z;, Z. and 2, 2’; 3, 3’ 
with characteristics Z;, Z, in Fig. 6a is again a symmetrical four-terminal 
network. The condition of matching is Z2:22=2Z;Z,. Because the total propa- 
gation constant I’; is the sum of the propagation constants I’; and I: of both 
parts as explained in the beginning, we get, by adding the expressions (2) of 
both parts for the characteristics Z; and Z, of the resulting network (Fig. 6b), 
the expression: 





Fig. 6. Equivalence of two matched lattice type sections in series (a), and a single 
lattice type section (b). 





Zs 1/2 1 + Z\ 1/2 a/Z3 1/2 
@ _ 1+ @2/Zi)""*@a/2s) on 


Zs (Z2/Z,)'2 + (Z4/Z3)¥2 


As mentioned in the beginning the image impedance of the whole network 
is equal to the image impedances on the free ends of the connected sections: 


(Z5Z6)'/? = (Z:Z2)'/? = (Z3Z,4)'!”. (16) 


Z; may be built by a parallel combination of Z; and Z, in series with a 
parallel combination of Z. and Z;, and Z, is built by a parallel combination 
of Z, and Z; in series with a parallel combination of Z: and Z,. (Fig. 6b.) 
Nevertheless this theorem is more of theoretical interest than of practical use 
for our purpose, the structure Fig. 6b having also superfluous elements. 

It is possible to show from (15) that by series combination of matched 
symmetrical filter sections the attenuation class numbers are added, which 


11 A general physical construction method of Z;, Z; for an arbitrary symmetrical four-ter- 
minal network was given in Fig. 7a of my paper “Vierpole,” E.N.T 1929, p. 279. But the other 
methods given here abridge the calculation of Z; and Z; where they are applicable. 








256 W. CAUER 


means that the attenuation class number of the resulting network is the sum 
of the attenuation class numbers of the parts.!* 

The formula (15) considers the orientation of the resulting four-terminal 
network (Fig. 6b) too. This means that if 1 in Fig. 6b corresponds to 1 in 
Fig. 6a and 1’ to 1’, then, if (15) and (16) are true, 3 corresponds to 3 and 3’ 
to 3’ (not 3 to 3’ or 3’ to 3). A reversal of the orientation of one of the two 
sections (for instance permutation of Z; and Z2) of Fig. 6a changes the orien- 
tation of the resulting network (Fig. 6b) as well. The additive property of the 
attenuation class number, if matched symmetrical filter sections are put in 
series, is right too, including the orientation. But it is obvious now that if the 
position of Z,(Z3, Zs) in the lattice section is fixed as indicated in Fig. 6 and 
we want to keep the additive property just mentioned, including the orienta- 
tion, the heading of Table I is not arbitrarily Z,/Z2 or Z2/Z,;, but must be 
chosen Z2/Zi. 

A first example of the foregoing is the chain Fig. 7b, the three sections of 
which are equal. They are not merely symmetrical four-terminal networks 





Fig. 7. (a) Band pass filter of class 1b*. (b) Band pass filter of class 35* 
having three identical sections a. 


but are directly given as lattice structures. The single section (Fig. 7a) repre- 
sents a band-pass filter which transmits in the interval 


W@W.) Kw wy, 





with 
1 
Oo} = -—— 
(L;C,)'/* 
and 
1 
(L2C2)1!2 ’ 


if we assume L,C, >L2C2. The single section belongs in my notation (see the 
paper “Siebschaltungen,” V. D. I. Verlag) to class 1b* with attenuation class 
at 


2 This is true not only for low-pass filters (Table I), but also for high-pass and band-pass 
filters (not low-and-high-pass filters) if the notation of my book “Siebschaltungen” is used. 
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(=) 2 (=) 2 (A? a w. i")! 2 +7) 
—~— = — ._———_—__—_ — ( i 
Z L» (A? + w,?)!/? 


and image impedance class }*: 


wn 
=I 


1 1 d 


, 7 9 = ai ata < re y : a: ~ (18) 
(Z:Z2)'!* — (LyLe)*/? ((X® + w_1*) (A? + w1*))'? 

It follows from the rule given above that the filter chain Fig. 7b with three 
equal sections of class 1b* represents a filter of the class 3b*, which is equiva- 
lent to the single lattice type section Fig. 7c, the total A; characteristic being 
determined by 


(=) (A? + w 17) 1/20)? of Wa") 
on ot 9 ee eioneeeeeenniniianes (19) 
Zs (A? + wia?)(A? + w,”)!/? 


as may be easily derived by help of the formula (15). The image impedance 
is again (18).¥ 

If a symmetrical four-terminal network is not only electrically, but also 
structurally, symmetrical, and consists of two not necessarily symmetrical 
four-terminal networks that are not related by mutual inductance, as illus- 
trated in Fig. 8, Z; is the impedance of the two-terminal network which is 
obtained by short circuiting one half in the middle. Simularly Z: is ob- 
tained as open circuit impedance of the one half (measured on 1, 1’ or 2, 2’)." 
A generalization of this “symmetry theorem” states that the analogous con- 
struction of Z, and Z: remains true if the number of connecting points be- 
tween both parts, one being the mirror image of the other, is arbitrary.” This 
theorem, too, is very valuable in determining the class of a given filter. 


By this method we find at once for the well-known filter section Fig. 9a 


Ly 
"LO +1 
Z2 -_ 1/Cn. 


The filter section Fig. 9b is obtained from Fig. 9a by changing the orientation 
(changing the terminals 2 and 2’) or interchanging Z; and Z». By calculating 
Z./Z, and Z,Z, it is found that these two simple filters belong to the low-pass 


‘8 The filter Fig. 7b was recently in use for carrier telegraphy purposes, opposite coils 
being connected as two windings on one core. I have shown (see “Siebschaltungen”) that by 
designing another filter of the same class similar in structure to Fig. 7c, it is possible to save 
33 percent of the coils and 50 percent of the condensers, at the same time essentially improving 
the attenuation characteristic. The reason for this last circumstance is the avoiding of un- 
necessary restrictions in the choice of the arbitrary parameters (m, (m, w_a, wa) caused by the 
chain structure. This becomes clearer by the next example further below for a low-pass filter. 

4 Proved in my paper in Archiv fiir Elektrotechnik Dec. 1926. 

4% A.C. Bartlett, Phil. Mag., 902-907, Nov. 1927, “An Extension of a Property of Artificial 


Lines;” see also the book of A. C. Bartlett “The Theory of Electrical Artificial Lines and Fil- 
lers”, p. 28. 
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filter class la, but only the filter Fig. 9b is directly written down in the 
Tables I and II without interchanging Z,; and Z:. The connection between 
the arbitrary parameters appearing in the tables and the circuit elements is 
in this case 


m=z1 p=1/C @,* = 1/LC. (20) 


According to the additive property of the attenuation class number in filter 
chains a chain of s equal sections of the kind Fig. 9a or 9b is again a low-pass 
filter which belongs to the attenuation class s while the image impedance 
class is the same as of the single section. Taking sections of the kind Fig. 9b, 
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Fig. 8. (a) Structurally symmetrical four-terminal network. (b), (c) Z; and Z2 of the equivalent 
canonical symmetrical four-terminal network of Fig. 3. 
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Fig. 9. Low pass filter of class la. 


the repeated application of (15) gives for a chain with 1 to 4 sections the 
following (Z2/Z;)'/? classes: 


r 


1 - 
( ) (2 w 7) 1/2 





(A? + w,”)!/ 
A(A? + }w.’) 


w1" 
(. + “os -_ w,) 1/2 


(a: 4 2- eres a+ cu 
+ 4 











w," 
a0? “bh ; os + w,7)1/2 


The attenuation constant A, for (2) must be twice that for (1), that for 
(3) must be 3 times that for (1) and so on. Since the function (1) is 1 only for 
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h=itw—% the Q=w/w,+A,—characteristic for such a chain with an arbitrary 
number of sections has always one point of infinity for Q=® and no other 
point of infinity. The attenuation curves of a chain with 1 to 3 sections are 
drawn in Fig. 4 and denoted by 1, 2X1, 3X1. The attenuation curve 2 of 
class 2, which gives a Tschebyscheff approximation, has a smaller normalized 
frequency 2 =k, above which the minimum attenuation A; =4.7 is warranted, 
than curve 3X1 of the higher class 3. This makes very obvious the advantage 
of the use of Tschebyscheff parameters. 

It is of some interest to see that the same (Z./Z,)"? functions correspond- 
ing to the chain just treated may be obtained by quite another approximation 
method. We consider the periodic continued fraction 

1 | 1| 1 | 1| 
OF + aFff/A = 1 4 ———— $+ 44 SH (22) 


2n2/wy? [2 |2A2/wy? «2 


and take any approximating fraction (cutting off the infinite remainder of the 
whole fraction after a certain point) multiplied by A/(A?+a,’)"?. Because 
(\2-+w,?)'?/A —1 isa Stieltjes continued fraction'® as function of \* it is known 
in advance that the functions approximating 1 obtained in this way are not 
only formally of the form given in Table I, but also satisfy the conditions (9). 
Now the functions found in this way happen to be just the same as the 
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Fig. 10. (a) Symmetrical z-net work. (b) Symmetrical 7-network. 


(Z2/Z,)'? functions corresponding to the chain treated before. This may be 
easily verified for the first 4 classes given in (21). This gives a good illustra- 
tion of the fact that the chain method is only one of several methods of ap- 
proximating the ideal requirement (7).!7 

In the following, the influence of the terminations or end circuits which 
are in use for changing and improving the image impedance characteristic, 
on the class of the wave filter may be discussed. For the general 7-structure 
network, Fig. 10a, where F; and F, signify general impedances, the following 
relations hold according to the symmetry theorem: 


(2) 2 (* + =" 
Z\ 7 2 

1 1/1 \\e* 
(Z,Z2)? \FAF, Fe 


The Stieltjes continued fractions play an important role in the theory of circuits. 
T. C. Fry, Bulletin of the American Mathematical Society, 1929, and W. Cauer, Jahresbericht 


der Deutschen Mathematikervereinigung, 1929, in which papers further literature may be 
found. 


(23) 


16 


‘7 Indeed my first intention in studying continued fractions like (22) was to find a new form 


of approximation of the ideal requirement (7), and I found later on the coincidence in the results 
with the chain method. 








260 W. CAUER 


If both halves of Fig. 10a are combined in the other way, the network Fig. 
_10b arises. For this dual network we find analogously 


(=) (7 af y" 
Zi - Fy 
(2,22)" = (FF, + F 2)". 


That it has the same attenuation characteristic (Z2/Z,)* as the foregoing 
network, was obvious in advance because the total attenuation constant, ac- 
cording to the definition given in the beginning of this paper, is in both cases 
Fig. 10a and Fig. 10b the sum of the I’’s for both halves. If F, = R?/ F,, where 
R is a positive constant as before, as is the case in the “constant k” wave 
filter of Zobel (k=R), the (Z,Z,)"/* for the 7-network Fig. 10b is equal to 
R?/(Z,Z.)"/? for the -network Fig. 10a. In the case where F, is the reciprocal 
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Fig. 11. (a) Low pass filter of class 1a*. (b) Low pass filter of class 3a*. (c) Low pass filter of 
class 18*. (d) Low pass filter of class 38*. (e) Low pass filter of class 38. 











of F, (except for the positive constant R?), it follows that the networks Fig. 
10a and Fig. 10b are reciprocal without regard to the orientation (compare 
appendix II). More especially, if Fig. 10a is a filter such as that of Fig. 9a 
(F,=LyX, F2=1/Cr, R?=L/C low-pass filter class 1a), Fig. 10b is a reciprocal 
filter and belongs to the reciprocal class 1a* (Fig. 11a). Our construction has 
introduced a new image impedance characteristic. The halves of Fig. ila 
may be taken as terminals of a chain with several sections like Fig. 9a, the 
condition of matching being satisfied in this case. As an example, Fig. 11b 
results and is of class 3a*. The attenuation characteristic (Z,/Z:2)'? of this 
filter is given by (21) (3), w,2=1/LC, and the image impedance characteristic 
1/(Z,Z2)"? by Table II, a, w?=1/LC, u=1/L. Of course the filter Fig. 11b 
may also be considered as a series combination of three equal sections 
Fig. ila. 

Now, as a typical example of terminations of a filter, Zobel’s “M-type” 
may be considered. A symmetrical m-network (Fig. 10a) may be trans- 
formed with a constant positive parameter M in the more complicated 7-net- 
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work Fig. 12a which is physically realizable if <1. The meaning of this 
transformation becomes very clear by introducing our Z; and Z:2 for Fig. 10a 


and the corresponding “,* and Z,* for Fig. 12a. The symmetry theorem shows 
at once that 


Zi* = MZ, 
and 
Z:" = M-'Z2. 


That means, the image impedance (Z,Z,)"/? is the same for both networks and 


Z2* 1/2 Ze 1/2 
5)" = a 
Z Z; 


(compare (23)): It follows in the case of a filter that the attenuation class is 
also unchanged. If we put together both halves of Fig. 12a in the other way 
as shown for the case F;= LX, F2=1/Cd in Fig. 11c, the attenuation charac- 
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Fig. 12. M-type structures. 


teristic is not changed, as explained in the case of Fig. 10a and 10b. But 
according to the symmetry theorem, the image impedance becomes now 


Fo(F (Fi + Fa)? 











(Z,'Z,')'? = - 26 
al (1 — MF, + Fz (26) 
and more especially for Fig. 11c 

(2 a w,7)!/? 1 
(Z,'Z.')'!? =_ =e ’ w)" a (27) 

Ww" LC 

Ch ~ my( + —) 
1— M 


Taking the right half of Fig. 12a, this network has on the left side an image 
impedance (26) and on the right side an image impedance (23). This half 
may be the left hand “M-type” terminal of a chain with matched sections, 
the other half the right hand terminal. If we take the special case A =Li, 
F,=1/Ch, the low-pass filter of Fig. 11d with two sections like Fig. 9a is ob- 


tained. Fig. 11c belongs to class 18*, according to (25), (23), (27) and Tables 
I and II, where 


eo Ml Cl — MY), 2 = —" (28) 
9° eo He 9 = ¢, — 2h ~~. —— —e* 
- . ak rs 
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Filter Fig. 11d having the same image impedance as Fig. 11c belongs to the 
class 38*, according to the additive property of the attenuation class in chains 
with matched sections."* 

The one disadvantage of such terminating circuits which improve the 
image impedance characteristic is that their use does not allow one to choose 
independently the (Z2/Z,)'*- and (Z,Z2)?-characteristic. For instance, the 
M-type terminals of Fig. 11d give (see (28)) the partial attenuation term 


(=) . Mx 
Zo 4 (2 + w)")! 2” 


w 1 
Q = - = —— — (29) 
| (1 — M?)!/- 


which becomes 1 for 


or Q2=1.25 for the practical value 1/=0.6. It follows that with Zobels M- 
type, /=0.6, a normed frequency 2=1.25 of infinite attenuation constant 
A, is connected. Because (27) becomes infinite at the value (29), the working 
attenuation A becomes infinite there whether A, is infinite at the value (29) 
or not, according to (4) or the third formula (13). 

Quite similar considerations relate to the dual “.W/-type”. The network 
Fig. 12b corresponds to the network Fig. 10b, as Fig. 12a corresponds to Fig. 
10a. Again the relations 


z,* = MZ, 
and 


Z,* = M~Z, 


are true if Z;, Z. denote the characteristics of Fig. 10b and Z,*, Z,* those of 
Fig. 12b. If these networks are filters, both have the same attenuation class 
and (Z,*/Z,*)'/? for Fig. 12b agrees with the corresponding expression for Fig. 
12a. The left half of Fig. 12b has the left hand image impedance 








W, = (F\(F; + F2))!” (30) 
and the right hand image impedance 
W. = [1 — MF, + Fal(— A. iz (31) 
Fi + Fe 


The last expression is equal to R?/(Z,’Z,')''* where the value (Z,'Z2’)'” is 
taken- from (26), if 

~ R? 

F, =e 

Fy 


18 For the calculation of the (Z./Z,)'/?-characteristic of the whole chain Fig. 11d the left 
hand terminal may be omitted and replaced by a congruent added section on the right side of the 
filter. Then the repeated application of (15) gives the total (Z2/Z,)'*. 
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holds. It follows, as an example, that the filter network Fig. 1le belongs to 
the class 38, since Fig. 11d belongs to class 38*. 

Finally the class and the characteristics Z, and Z. of the more complicated 
filter Fig. 13 may be determined. This was calculated by O. J. Zobel in his 
paper in the B.S.T.J. 1923, p. 30, and is mentioned also as the chief example 
in the book of T. E. Shea, “Transmission Networks and Wave Filters”, 
p. 323. This network consists of two matched symmetrical four-terminal 
networks in the middle, called X; and XI, in the paper of Zobel’s just men- 
tioned, in series with which two matched half sections IV; are connected, one 
at each end. These terminals are an equivalent form of the J/-type explained 
before in Fig. 12b. There is no difficulty in determining the class and the 
(Z2/Z,)"- and (Z,Z2)"/*-characteristic using the symmetry theorem and the 
rule (15). It follows that the network belongs to the band-pass class 6d in the 
notation of my paper “Siebschaltungen”. The formulas are derived in detail 
in appendix IIT. 


in ise’ sul “me 
te ~) _—s 


Fig. 13. O. J. Zobel’s example of a band pass filter of class 6d. 





In the paper “Siebschaltungen” it is shown that by using Tschebyscheff 
parameters the same practical task which is solved by the network Fig. 13 
of class 6d can be solved by a non-equivalent network of class 5d or 5d*, that 
is by a lower class and therefore by fewer coils and capacities. 

The aim of this paper was to give an introduction into the new theory and 
the new design methods by illustrating the connection with the known filters; 
it does not attempt to give a complete statement of the theory or of the ques- 
tion of practical design. Reference is made once more to the papers cited 
above. 


APPENDIX I. ToraL ATTENUATION 
The total attenuation of a four-terminal network F which connects a 


sending apparatus S and a receiving apparatus E both of equal constant re- 
sistances R is defined as 


A = log,| J'/Je\ , 


J' denoting the current which flows in the receiving apparatus if S and E are 
immediately connected, Jz being the corresponding current if the four- 
terminal network F is put between S and E. If V is the electromotive force 
in S we have 


J' = V/2R. 


If F is symmetrical—this is the only case we are interested in here—J; may 
be expressed by V, R and the characteristics Z,; and Z, (compare Fig. 14), 
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using for instance the following theorem of Kirchhoff: “The current J: pro- 
duced in branch 2 by a voltage V in branch 1 of a network with independent 
meshes without mutual inductances is equal to VA,/A, where A, is the alge- 
braic sum of the impedance products of all systems of (n—1) branches, so 
that after their removal one mesh only remains going through branch 1 and 
2, the term in the sum being taken with plus sign if the sense of V and J? is 
the same in the remaining mesh, otherwise with minus sign, and where A is 
the sum of the impedance products of all systems of » branches such that 
after their removal no mesh remains.” 





Fig. 14. Network illustrating the calculation of the total (working) attenuation of an 
arbitrary symmetrical four-terminal network. 


In our case n =3, and we get at once (Fig. 14) 
Ai = Z,* = Z;? 
A-= 212; + 22)Z:Z2 + 2(Z1? + Z2?)R + 4Z,;Z2R + 2(Z; + Z2)R?. 


It follows that 
( Zi Z: 
+2 00) 
VA R R 


, = log. 
2R VA, Z, 2, 


R R 


, 





A = log. = log. 











9 
~ 











which is indeed the formula (4). 


APPENDIX II. Rectprocat NETWORKS 


For a 2q-terminal network the following equations are valuable and 
characteristic if electromotive forces Vi, V2,---, V, are put between the 
pairs of terminals which have the corresponding subscript and Ji, Jo, - --, 
J, denote the currents through these pairs of terminals: 


Jy = anVi + apVe+---+ AigV, 
Jo = ae1Vy + ao2Vo + +--+ - + aagV, 


Jaq = GgVi t+ agVo + - ++ + AgqVo. 


The matrix of the coefficients (a,,) is symmetrical (a,,=«a,,). The elements 
are functions of the frequency parameter \=iw. The necessary and suff- 
cient conditions for the a,, to correspond to a physically realizable passive 
network are not discussed here. Only the following theorem may be stated: 
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If (ars) represents the characteristic matrix of a physically realizable 2q-terminal 
network, and the determinant |a,,| is not identically zero, then the reciprocal 
matrix (ars)~' always belongs to a physical realizable 2q-terminal network too‘ 
(and also, instead of the reciprocal matrix such a matrix multiplied with an 
arbitrary positive constant R~*). We may agree to define a 2qg-terminal network 
with characteristic matrix (a@,,) as reciprocal to another 2q-terminal network 
with matrix (@,,) if (8,,) equals (a,,)~! except a positive constant factor R~. 

In the special case of a four-terminal network the following equations 
hold: 





Ji = anv, + ayel2 
J» - a2iV; + a22V2, 


where ai2=Q2. Then the corresponding equations are true for the reciprocal 
four-terminal network if a is written for aj,Q22— a2": 





R~*a29 Raa, 
J; ———— . an oe 2 
a a 
R *a19 R-*a\; 
J» ————— 1 ee 
a a 


If the further specialization is made to a symmetrical four-terminal net- 
work where a}; =Q22, the a’s are expressed by the characteristics Z, and Z, of 
the filter network by means of 


Z, = (an + a@\2)~! 
Z2 = (an — y2)~}. 


The corresponding characteristics Z,* and Z,* for the reciprocal network are 
similarly 





( R01 —_ R°a R? 
A = _— = ——__—_- = 
a a 1—-a2 LZ 





Z.* = 





11 + 22 Z2 


These formulas show that the definition given in the text for reciprocal 
symmetrical filters is exactly a special case of the more general kind of re- 
ciprocity defined in the appendix. In order that this may be true for instance 
for Z, and Z, given by Table I and II, it is necessary indeed to replace not 
only (Z,Z2)"? by R?®/(Z,*Z,*)'/?, but also to replace (Z2/Z,)"/? by (Z:*/Z2*)"/? 
to obtain a reciprocal filter network. Without making the latter step Z,* and 
Z;* would be interchanged and the new network obtained would have another 
orientation than the reciprocal network. If we do not care about the orienta- 
tion the equivalence of the following definition to the previous one of recipro- 
cal four-terminal networks may be easily verified (compare “Vierpole,” 


R-%a,, — R-%e2\7? Rea R? 
a 


a a 


'® This theorem is proved in my paper in the Mathematische Annalen, Bd. 105 (1931). 
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E.N.T. 1929, p. 281): “Two four-terminal networks are reciprocal if the open 
circuit characteristics of the first network are reciprocal (except for a positive 
constant factor R*) to the corresponding short circuit characteristics of the 
second network and vice versa.” If any three of these conditions are satisfied 
the fourth is satisfied as a consequence. In the case of a symmetrical four- 
terminal network there is only one open circuit impedance Z, and one short 
circuit impedance Z,. Here indeed we get at once from (14a) by writing Z,* 
= R?/Z, and Z,* = R?/Z) 


2 R? 
Zo t (Zo(Zo — Z,))'/” 





Z2*) 


AppENDIXx III. Cuass AND Z,, Z.-CHARACTERISTICS OF THE 
Fitter Network oF Fig. 13. 


The parameters of the band-pass filter elements (Fig. 13) of Zobel are 
given in the Bell System Technical Journal, 1923, page 30. Because the cir- 
cuit elements are not given directly, reference must be made to the paper 
cited. 

A slight analytical simplification is possible for the present purpose by 
replacing the two sections X; and XI, by IV; and VII, according to Zobel’s 
formula (44e). (The original structure may, however, be more desirable from 
the standpoint of magnitudes of the elements.) What we have to do now is to 
combine the (Z,/Z,)? characteristics of the three symmetrical sections 
IV;, [Vi,%, VII (using formula (15)) and to calculate the (Z,Z-,)'/? for the sec- 
tion IV; which is the same as the external image impedances of the whole 
chain. The critical frequencies, in radians per second, and R are (p. 30, l.c.) 


w_,; = 27-4000 
w, = 27-7000 
R = 600 ohms. 
The parameters of the IV, section are given by (p. 30 and 41, I.c.) 


w_10ig/We,.7 +h 





9 


aa 
1 — w1,,,"/W2,. 


g + W1 7h ‘WW 





a 
lio / 2,2 


1—w 
where 


1, = 24-3300; we, = 27-8300 





w? we? 1/2 
W2 0 W2 20 





=* > 
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to 
an 
~ 





The parameter for the M-type section IV;, M is 
M=0-6*. 


Instead of making the further calculations with the other formulas given on 
pp. 41 and 42 (l.c.) we prefer to go back to the formulas (15), (19), (24) and 
(25) (l.c.). 

1. For the constant k-type VII with 2/2 = RA/(@w,—w_)), 22/2 =w_wR 
/(w,—w_1)d (p. 42, l.c.) we get 


R(? + w_ 11) 


— 1 se 
Zi vil = a21k = 2241 + —————————— 


2R* — RO + w_,”)(? + w 1”) 
Zovir = 321k + 220% = 321% + —— = —— Seo Kal dirt 
Zk (wy = oh. iA? fe Ww tin) 


and 





Zi vu 





Ze \ _ [Q? + 0-17)? + wi?) 
—— (attenuation class 2). 
A? + w_1H1 
2. For IV; we have 


Rm(r Mou 1w1/mM 
yA . = 1, = oo = Rm (* + ~ M1001 / 1) 
“1,1V1 2711 5M 121 3M22a2 = 
(w ae Gas i)A 


and according to (15), l.c. 





RQ™ + w 2 R(m,d? + m 
ie mn re+| ( =) -| ( 1 20 all 


(w; —_ w_1)d ae peer 


(w1 — w i)A 
R(? + w_1”)(d? + w1*) 
(w = w_1)m,A(? + Mw \w//M) 


( Ze y" [(r2 4. w_12)(d? 4. wy?) }1/2 
Zi.1v; m(d? + Mow_\w;/mM}) 





7 -- ae _ 
Z2,1v,= 2211 + 2221 = 








(attenuation class 2). 


3. For 1Vi,.4 there follows according to (19) and (25), l.c. 


1— M? 2R? 


Z2,1V1. 4 = 23 = — 





1k ae 


Zt 
2M M2. 


_ Rid —_ M?*)\é + (w_ 2 a 2M *w_ wo} +- w1?)d? + (1 —_ M?)w_ 1 U1? 
(w, = w_1)MX(r? + W_ 16) 





* We write M for Zobel’s m in order to avoid a confusion with our m in Table I. 
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21 = Mz 
2M 221214 


2Z2,1V; 4 + Max dao, + Mazi, 


bho 


M20121k 





ZiAVi = 








(w, — w—1)A(A? + w_1”) (A? + 1?) 
Ze 1/2 [(A2 + w_12)(A2 + 1?) J? 
= ——— (attenuation class 2) 
M(d? + w_ 11) 
(Z,Z2)' z= (Z:Z2)" "Iv, 9 
R[(1 — M2) + (ws? — 2M%w_101 + 12d? + (1 — M2)w_ 122] 
(w -_ w_1)A[ (A? + w_")(d? + wo) }1/2 , 
This is the image impedance of the whole chain and belongs to class d. 
It follows from the additive rule for the attenuation class numbers that the 
attenuation class of the whole chain is 6, or the class of the band-pass filter 
of Fig. 13 is found to be 6d. 
Rule (15) gives for the whole chain of Fig. 13, 


al (1 + my) + AM + B+ C 








ZAAViM 








Zs On? wy?) /2(Q2 + coy?) /2[M4(1 + my) + Dd? + E] 

where 
my 
A = wy? + wy) + w1? + Mow_yw, + ———(w_1? + 2Mow_1o; + w;?) 
1+ M 
DY ©, ° € me 9 
B= w_101(wW_ 1? + w_101 + w,") + myw_;"w,? + ———w_0(w_;" + 2Mw_1w1 + w;’) 
i+ M 

C= (1 -L Me )w_13w 3 


1 
D = (m, + me)w_yw; + ———(o_:? + 2Mw_1w1 + w?) 
1+ M 


E= (1 + Ms)w—17w;". 
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MULTIPLE PEAKS IN SUPERSONIC 
INTERFEROMETRY* 


By W. D. HersHBEeRGER 
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ABSTRACT 


An improved circuit for use in supersonic interferometry in gases is described in 
which regeneration is under control and by the use of which the amplitude of the 
exciting e.m.f. may be varied between wide limits. Multiple peaks in the plate cur- 
rent maxima are observed, and several causes for such peaks, particularly the use of 
crystals having “parasitic” frequencies, are pointed out. 


INTRODUCTION 


HE present experimental work follows lines similar to those of previously 

published work in supersonic interferometry.! However, some observa- 
tions on the sound radiated by crystals having “parasitic” frequencies are re- 
ported and a more complete analysis of the basis of interferometer action is 
given to account for an observed complexity in the maxima in the plate cur- 
rent curves. 


APPARATUS 


An improved circuit was employed which possesses the advantage that 
the electrical regeneration is under control. The circuit diagram appears in 
Fig. 1. Control of regeneration is effected by means of the potentiometer 
marked P instead of permitting regeneration to depend upon such factors 
as the length and disposition of the leads to the crystal, the capacity between 
the electrodes in the tube, and other usual sources of stray coupling. The cir- 
cuit bears some resemblance to the Hartley type but is adapted to crystal 
control. When the potentiometer contact is at the point of highest a.c. po- 
tential with respect to the grounded power supply, the amplitude of the excit- 
ing e.m.f. attains a maximum value and the crystal is least effective in stabil- 
izing frequency, but as the slider is moved in the direction of lower a.c. po- 
tential with respect to ground, the amplitude of the e.m.f. across the crystal 
decreases, frequency stability increases, and the reaction of changes in the 
length of the gas column on the plate current becomes more and more violent. 
Thus the amplitude of the 100th peak in plate current using a 497.5 ke, crystal 
and a 112-A tube was 8 milliamperes. When regeneration is reduced to a bare 


* Published with permission of the War Department. 

1G. W. Pierce, Am. Acad. Proc. 60, 271 (1925); W. H. Pielemeier, Phys. Rev. 34, 1184 
(1929); 36, 1005 (1930); G. E. Thompson, Phys. Rev. 36, 77 (1930); C. D. Reid, Phys. Rev. 
35, 814 (1930); 37, 1147 (1931); Hubbard and Loomis, Phil. Mag. 5, 1177 (1928); Loomis and 
Hubbard, J.0.S.A. 17, 295 (1928); J. C. Hubbard, Phys. Rev. 35, 1442 (1930); 36, 1668 (1930); 
Klein and Hershberger, Phys. Rev. 37, 760 (1931). 
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minimum, the crystal is sufficiently loaded by the gas column that it refuses 
to oscillate for any reflector positions excepting certain critical ones witha 
spacing of a half wave-length between neighboring positions. This results in 
a flat-topped plate current curve with sharp depressions. 

The shifts in frequency incident to changes in the length of the gas column 
were measured by observations on the beat note between the driving circuit 
frequency and that of an independent monitoring circuit. The calibration of 
this latter circuit was effected by the use of auxiliary quartz crystals. 
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Fig. 1. Circuit in which regeneration is under control. 


An interferometer of simple and inexpensive design was used in some of 
this work. A Starrett 2M micrometer was modified by replacing the anvil by 
a stem, integral with a shallow cup which contains the crystal. A brass re- 
flecting disk was machined to permit a friction fit on the spindle of the microm- 
eter. The face of the reflector and the bottom of the crystal cup were kept 
accurately parallel. The distance of the reflector from the radiating face of 
the crystal could be varied from 1.000 cm to 3.200 cm. A diagram of this 
instrument is shown in Fig. 2. 

The crystals used in the study were of various frequencies ranging from 
112 ke to 575 ke. Several crystals were kindly loaned by Professor George 
Winchester of Rutgers University while a number of others belonged to these 
Laboratories and to the writer. 


RESULTS 


Multiple peaks of two distinct types were observed. One type was associ- 
ated with a relatively large frequency shift as the length of the gas column 
was varied, while in the second type the frequency shift is extremely small. 
That is, it is of the same order of magnitude as that first reported by Pierce. 
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One X-cut crystal displayed two resonance frequencies of 571.1 ke and 
572.3 ke. By suitable adjustment of the tuning condenser and the regenera- 
tion it was possible to shift from one frequency to the other—-a change of 
1.2 ke--merely by varying the length of the air column. Very pronounced 
double peaks resulted. The circuit adjustments when using this crystal were 
the controlling factor in the production of peaks of the first tvpe. Crystals 
having “parasitic” frequencies relatively close together may he made to dis- 
play this effect. 

The second type of multiple peak was observed using the previously 
mentioned X-cut crystal for circuit adjustments which did not permit an 
appreciable frequency shift. The same type of peak was observed when using 

















lig. 2. Diagram of interferometer. 


a Y-cut crystal having resonance frequencies at 370.3 kc, 404.8 kc, 412.3 ke, 
and 430.0 ke. The maxima in the plate current curves taken at 370.3 kce—at 
which frequency the crystal was a powerful oscillator—were singly-peaked 
but at the other frequencies multiply-peaked. Oscillations at these latter fre- 
quencies were relatively feeble. All of these observations employed sound 
radiation from the same face of the crystal. The frequency shifts accom- 
panving changes in the reflector position were not large enough to account 
for the multiple peaks. When employing another X-cut crystal with resonance 
frequencies of 497.5 ke and 510.0 ke, the maxima showed no evidence of 
multiple peaks. From the present observations no general rules governing 
the appearance of multiply-peaked maxima can be laid down which may be 
expected to hold in every case. However, in general, X-cut crystals with 
resonance frequencies relatively far apart and at the same time powerful 
oscillators gave singly-peaked maxima and appeared to be especially suitable 
for interferometric work. On the other hand, some Y-cut crystals and all 
crystals which were feeble oscillators were more erratic in their behavior and 
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were prolific in the production of multiply-peaked maxima. Typical curves 
are shown in Fig. 3. Curve (a) was taken employing circuit adjustments 


which did not permit an appreciable frequency shift; for slightly different 
circuit adjustments the frequency shifts from 571.1 ke and 572.3 ke as the 
column length is varied. Curve (b) was taken when employing a 497.5 ke 
crystal. The change in plate current here was 10 m.a. 

Multiple peaks resembling those here reported have earlier been described 
by Pielemeier.? He assumed two velocities of sound to explain his observa- 
tions:—a low velocity for low intensity sound to account for minor peaks 
and a higher velocity for high intensity sound to account for major peaks. 
This hypothesis was found to be inadequate to explain multiple peaks of both 
types reported here. However, there may be still other types. No shift in the 
position of the major peaks was detected as the amplitude of the exciting 


cr ——ee 0 . 7 — 
170 th 4915 Ke f 
| Peak sia | 
| 
(tn Seen ee oe ee ee a! | 
572.3 X t | ' 
| ' | | 
Soy t—— 6} | {.} | eo —_—— 
A | 
Ale 1 ¥ii aly 
(mm a.) 
i 4} F \ = 
‘ 
¢t 
j 2} a a | / ‘, a 
e J 
4 . } JA 
a | = — ae . | ee. 1 ji ~ a 
0.72 073 0.74 0.75 1.20 1.21 122 123 12 1.25 1.26 1.27 
Micrometer Aeading (cm) Micrometer Reading (¢ m) 
\ B 


Fig. 3. Typical experimental curves. 


e.m.f. was varied over a wide range while holding frequency constant. This 
was effected by introducing wide variations in the plate voltages employed 
as well as by changes in the regeneration and using a tube of the 210 type. 
A shift in the position of the major peaks calculated on the basis of the ve- 
locity dependence on intensity which Pielemeier assumes would have been 
detected very readily. Also the multiple peaks persisted at both low and high 
amplitude of the exciting e.m.f. In some of the experiments at very low am- 
plitudes, multiple peaks were especially pronounced. None of the observa- 
tions led to abnormal velocities of sound when corresponding points on suc- 
cessive maxima were used in calculating wave-lengths. The monitoring cir- 
cuit proved imdispensable especially when working with crystals with a num- 
ber of resonance frequencies. 
THEORY 


A closer examination of the basis of interferometer action reveals a rea- 
sonable explanation for the appearance of multiply-peaked plate current 
maxima. The first type is unmistakably due to a shift in frequency as the 


7 W. Il. Pielemeier, Phys. Rev. 38, 1236 (1931). 
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length of the air column is varied. However, the second type can not be ex- 
plained on this basis. Rather these are to be viewed as arising from the fact 
that the crystal is capable of oscillating at any one of a number of frequencies 
with the phase relations at the radiating surface depending on the particular 
mode of vibration. Previous theoretical work’ has not predicted the existence 
of multiple peaks. The writer has shown, assuming a single frequency for the 
crystal, that the mechanical impedance of the equivalent piston of area A 
coupled to a fluid column of variable length 1, is: 


s = sot 3(l) (1) 
where 
so = (mu —swytr (2) 
ete! — | Je**' sin @ 
s(f) = cp ; + J ‘ - (3) 
ete! 4 De2a! Cos @ + 1 efe! + Jere! cos @ + 1 
and 
2wl 
o= — f. (4) 


C 


Z, is the mechanical impedance of the piston itself considered apart from 
sound radiation, while Z(/)* is the impedance due to the reaction of the fluid 
column on the piston. c is the velocity of sound in the fluid, p its density, 
and a the amplitude damping constant per unit path length. If the absolute 
value of Z(/) is plotted against /, we obtain singly-peaked maxima. But it is 
particularly to be noted that we have assumed that all of a surface of area 
A is radiating sound in phase. This assumption is not justified for crystals 
capable of oscillating at any one of a number of frequencies. Then the me- 
chanical impedance at the driving point is a more complicated function of 
frequency, the crystal constants, and Z(/). This function must remain un- 
known in the absence of specific knowledge concerning the modes of vibra- 
tion of the quartz plate and the coupling between modes. The electrical cir- 
cuit elements’ used as analogies to account for some aspects of the behavior 
of crystals with many degrees of freedom if combined with impedances of 
the type Z(/) permit an explanation for multiply-peaked maxima. Imped- 
ances of this latter type must enter the simultaneous force equations used 
in discussing vibration problems involving several degrees of freedom as 
many times as the number of modes for which we have appropriate gas 
column reactions. In short, we look for an explanation of the observed com- 
plexity in the plate current curves to the known complexity in the motion 
of the crystal itself. Methods based on supersonic interferometry may prove 
useful in studying the modes of vibration of such crystals. 


*W. D. Hershberger, Jour. Acoustical Soc. of Amer. 3, 263 (1931); J. C. Hubbard, Phys. 
Rev. 38, 1011 (1931). 

‘It may be pointed out that R(1) Acp of equation (3) above is identical with Professor 
Hubbard's P of his equation (14) and Y(1) Acp with his Q of equation (15). 

* F. R. Lack, Bell System Tech. Jour. 8, 515 (1929). 
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INFLUENCE OF HYDROGEN ION CONCENTRATION 
ON THE CRYSTAL STRUCTURE OF 
KLECTRODEPOSITED COBALT 


By H. Kersten 
DrPARTMENT OF Puysics, UNIVERSITY OF CINCINNATI 
(Received January 14, 1932) 


ABSTRAC1 
Cobalt crystallizes in the cubic and hexagonal systems. This paper shows by 
means of x-ray diffraction analysis, that cobalt electrodeposited from high pH 
(alkaline) sulphate solutions has a hexagonal structure which changes into a mix- 
ture of hexagonal and cubic, as the p// is decreased. 


ULL' has shown that cobalt has hexagonal close-packed as well as face 

centered cubic lattices, and that both types of lattice are obtained by 
rapid electrolysis of the sulphate. The purpose of this investigation was to de- 
termine whether the hydrogen ion concentration of the electrolyte influences 
the structure of the electrodeposited cobalt. 
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Fig. 1. Schematic diagram of the camera. 


Ky XPERIMENTAL 


Cobalt was deposited from an electrolyte having the following composi- 
tion? Cobalt sulphate (CoSO4:7H2O), 504 gm/ liter: sodium chloride (NaCl), 
17 gm/liter: boric acid (H3BO;), 45 gm/liter, at 30°C and 1 amp/dm? with 
cast cobalt anodes (98-99 percent pure) and stainless steel cathodes. The hy- 
drogen ion concentration was adjusted with HeSO,; and NH,OH and meas- 
ured with a quinhydrone electrode. 

The x-rays were supplied by a chromium target gas-type tube* operated 


1 Hull, Phys. Rev. 17, 571 (1921). 
* Blum and Hogaboom, Principles of Electroplating and Electroforming, 2nd ed., p. 280, 
1930. 


3 Kersten, Rev. Sci. Inst. 3, 145 (1932). 
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at 20 kv and 40 m. a. The camera is illustrated schematically in Fig. 1. The 
diameter of the ring around which the film was wrapped was such that 0.025 
inch on the film corresponded to 1°. The black line at the right end of each 
photograph in Fig. 2 was made by the main beam before the sample was put 
in place. 

THEORETICAL 


The positions of the diffracted images of the main x-ray beam, plotted 
from the data given by Hull,'! are shown for both lattice types in the lower 
part of Fig. 2. All the theoretically possible lines do not appear in the photo- 
graphs but it is evident that the 200 Ka line, indicated by an arrow, is the best 
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Fig. 2. Influence of pH on the crystal structure of electrodeposited cobalt. 


one to use as a test for the presence of cubic cobalt since it is one of the strong- 


est lines appearing in the photographs when a large percentage of cubic crys- 
tals are present in the cobalt. 


RESULTS 


Fig. 2 indicates that hexagonal cobalt is deposited at high values of pH 
from the electrolyte used and that the structure gradually changes into a mix- 
ture of hexagonal and cubic as the p// is decreased. 
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INFLUENCE OF TEMPERATURE ON THE CRYSTAL 
STRUCTURE OF ELECTRODEPOSITED 
ANTIMONY 


By H. Kersten 
DEPARTMENT OF Puysics, UNIVERSITY OF CINCINNATI 


(Received February 25, 1932) 


ABSTRACT 
It is shown by x-ray diffraction methods that “explosive” antimony is amor- 
phous before exploding and crystalline afterward. It is also shown that the crystal 
structure of electrodeposited antimony is influenced by the temperature of the 
plating bath. 


INTRODUCTION 


Peed found that antimony, electrodeposited from a cold solution of 
antimony trichloride in dilute hydrochloric acid, has the property of 
“exploding” when scratched and that deposits from a hot bath do not have this 
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Fig. 1. Camera. 


property. The investigation described below was intended to determine 
whether the explosive property is associated with a particular crystal struc- 
ture and to find the influence of bath temperature in general, on the structure 
of electrodeposited antimony. 


EXPERIMENTAL 


The plating bath used had the following composition: Antimony trichlor- 
ide (SbC];), 200 gm: hydrochloric acid (HC1), 300 cc: water, to make, 1 liter. 
Cast antimony anodes and nickel-plated brass cathodes were used. The 
cathodes were nickel-plated to prevent the antimony from depositing by “im- 
mersion” on the brass and possibly alloving with it. The current density in all 
the experiments was 3 amp. cm*. 

The x-rays were supplied by a special gas tube* having a copper target and 
operated at 40m.a. and 20 kv. The camera for holding the film and sample is 





(sore. Phil Mag 4 9, 73 (1 
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illustrated in Fig. 1. The antimony was plated thick enough to prevent the 
diffraction lines from the nickel and brass from appearing on the film. This 
made it unnecessary to strip the antimony from the cathode when taking a 
picture. 

RESULTS 


Samples plated at 5° intervals from 0°C to 100°C are shown in Fig. 2, 3, 


and 4. It is evident that the electrodeposited antimony has an amorphous 
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Fig. 2. Diffraction photographs of antimony. 


structure when electroplated at temperatures below 25°C and that it changes 
from amorphous to crystalline between 25° and 30°. Photographs taken for 
samples plated in this range, but not shown in the figures, showed that the 
change was a gradual one. The structure from 30° to 70° is nearly constant. 
Above 70° there are changes in the position and intensity of lines which indi- 
cate changes in structure. 





H. KERSTEN 


When a cathode plated with a thick layer of the amorphous modification 
is scratched with the point of a knife it gives off a white vapor accompanied 
by a hissing sound and a rise in temperature. In order to determine whether 
this change is accompanied by a change in structure, a sample of the amor- 
phous variety was clamped in the camera and the photograph shown in the 
middle part of Fig. 5 taken. Without removing the sample from the camera, 
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Fig. 3. Diffraction photographs of antimony. 


its surface was scratched to cause the explosion and another photograph, 
shown in the upper part of Fig. 5, was taken. These show that the antimony 
had changed from an amorphous to a crystalline form during the explosion. 
The lower part of Fig. 5 shows a photograph of chemically pure antimony. A 
comparison of the upper and lower photographs shows that the structure of 
the electrolytic amorphous antimony after being exploded, is the same as that 
of pure antimony. 
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Fig. 4. Diffraction photographs of antimony. 





Fig. 5. Upper: Antimony after exploding; middle: Antimony before exploding; lower: 
Pure antimony. 
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CATHODE SPUTTERING, A COMMERCIAL APPLICATION 


By H. F. Frutru 
WesTERN ELeEctTrRIC, CHICAGO 


(Received February 15, 1932) 


ABSTRACT 


The theory of cathode sputtering with the advantages and limitations in the ap- 
plication of this process is discussed, followed by a description of the commercial 
equipment and methods for applying gold electrode surfaces to diaphragms of cer- 
tain types of microphones. By proper design of the vacuum chamber‘and the in- 
side parts, a fairly uniform discharge current density and a uniform deposit is ob- 
tained. A constant sputtering rate is produced by the use of a bleeder valve which 
maintains a proper residual pressure. Adherence and continuity are obtained by 
the use of a special cleaning process. An extensive bibliography on cathode sputter- 
ing is included. 


INTRODUCTION 


LTHOUGH the process of electrostatic deposition of metals by high 

voltages in a partial vacuum, commonly known as cathode sputtering, 
has been known for more than a half century, it has heretofore found but 
little commercial application. Rather extensive use of it has, however, been 
made in physics research laboratories for such purposes as the production of 
highly reflecting surfaces on mirrors and prisms, for spectrometers, interferom- 
eters, etc., and the making of extremely thin metal films for fundamental 
studies in atomic structure and electron theory. Sputtering has also been used 


in the manufacture of very fine conducting quartz fibres for suspensions in 
sensitive instruments such as quadrant and string electrometers, galvanome- 
ters, and electrocardiographs, and, to some extent, for etching certain metals. 

In the following paragraphs, it is intended to give a brief explanation of 
the process and a description of a commercial application in the production 
of diaphragms for certain microphones. 


THEORY 


Some fifty vears ago, various investigators working on high voltage dis- 
charges in vacuo discovered that disintegration of the cathode occurs for 
nearly all metals and that the removed metal is deposited in a very fine state 
of subdivision on nearby objects. Various theories have been formulated as 
to the mechanism of this phenomenon. Some investigators have attempted to 
explain it by stating that it is a type of electrical evaporation where the elec- 
trical potential is analogous to the temperature potential in ordinary thermal 
evaporation. More plausible theories, recently advanced, are that the metal 
atoms or particles leave the cathode as a result of positive ion bombardment, 
either as a result of single impacts or by cumulative action. This does not 
seem to hold for all metals and residual gases, and it has been suggested that 


280 





CATHODE SPUTTERING 281 


in some cases sputtering is due to the absorption of radiation produced when 
the gas ions are stopped at the cathode. 

There has also been a great deal of controversy as to the structure of the 
sputtered film. Most of the more recent evidence indicates that the films are 
of a crystalline nature. 


ADVANTAGES OF SPUTTERING OVER 
OTHER METHODS OF METALLIZING 


In general, cathode sputtering cannot compete with the more common 
processes of metallic deposition, but in many special cases it can be employed 
where other methods are inapplicable. This is especially true (a) when metals 
are to be deposited upon non-conductors, (b) when the surfaces to be metal- 
lized would be injured by contact with chemical solutions or high tempera- 
ture, (c) when either a very thin continuous metal coat or a very smooth, 
highly reflecting coat is desired, (d) when metals are to be deposited that are 
very difficult to deposit in any other manner, such as, silicon, tellurium, or 


Fig. 1. Carbon broadcasting transmitter. 


selenium, (e) when a metal is to be deposited upon another metal far removed 
from it in the electrochemical series, such as, gold or platinum upon alumi- 
num or magnesium. In such cases, electrolytic corrosion is very apt to occur 
in the presence of moisture or traces of electrolyte. 


COMMERCIAL APPLICATION 


Cathode sputtering has been used commercially by the Western Electric 
Company with excellent results in the manufacture of diaphragms for car- 
bon broadcasting transmitters, illustrated in Fig. 1. This type of microphone 
consists essentially of a tightly stretched duralumin diaphragm located be- 
tween two chambers containing granular carbon. The manner in which the 
double button type of microphone is connected to the amplifiers of the broad- 
casting, public address, or sound picture system is schematically shown in 
Fig. 2. Those parts of the diaphragm which come in contact with the carbon 
are covered with.gold, a metal which has been found to be ideally suited for 
microphonic purposes. It is exceedingly important that the gold coating be 
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continuous and remain adherent, for if the carbon should make contact in a 
number of places with the duralumin, it is quite likely that the microphone 
would be noisy and therefore unfit for use. 

When the gold spots were formed by the plating process previously used, 
considerable trouble was experienced because of such defects as blisters, peel- 
ing, and pin holes probably due largely to electrolytic corrosion. The substi- 
tution of the sputtering process has practically eliminated such defects. Some 
additional advantage over electrolytic plating is obtained in that a thinner 
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Fig. 2. Diagram of connections,between double button type of microphone and 
amplifier. 


continuous film can be deposited, making it possible to stretch the diaphragm 
to a higher natural frequency with less tension. This decrease in tension has 
resulted in a smaller frequency loss due to fatigue. The introduction of the 
sputtering process has, therefore, not only improved the quality of the micro- 
phone, but lengthened its life. 


EQUIPMENT AND METHOD 


In order to apply a satisfactory gold electrode surface to the duralumin 
diaphragm by cathode sputtering commercially, it was necessary to develop 
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a special cleaning process for the diaphragms and suitable equipment with 
multiple sputtering electrodes. 

To insure proper continuity and adherence of the gold to the duralumin, 
the glossy roll finish on the duralumin is broken up by means of a brass wire 
scratch brush to give a matte surface. The diaphragms are then scrubbed in 
acetone, rinsed in ether, and rubbed dry with filter paper to remove all traces 
of oil or grease. Great care is then taken to keep the spot to be coated free 
from all contaminations before sputtering. 


1585688 
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Fig. 3. Commercial sputtering unit. 


The unit developed for commercial sputtering is shown in operation in 
Fig. 3. A two-gallon bell jar fitted upon a heavy ground Pyrex glass plate con- 
tains six glass-covered aluminum cathodes, the exposed parts of which are 
fitted with renewable gold disks (Fig. 4). An adjustable aluminum stand to 
hold the diaphragm fixture and shield is placed upon the plate directly below 
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the cathodes. The shield covers all of each diaphragm except a central circular 
spot about 3/4” in diameter. A vacuum is produced by means of a Megavac 
pump connected to the bell jar by 5/8” Pyrex glass tubing, which is made as 
short as possible to facilitate rapid pumping. In the vacuum system are a 
small rotating McLeod gauge, a trap, a bleeder valve, and an anode. The 
anode consists of a 20-turn, 1/2” helix of No. 14 aluminum wire sealed into a 
one-inch tube at some distance from the bell jar. The end of the helix is 








Fig. 4. Cathodic sputtering unit for microphone diaphragms. 


shielded against high current density by a flanged piece of glass tubing. This 
type of anode has a life of at least two thousand hours. 

In order to maintain a constant residual gas pressure, the pump is op- 
erated continuously and air is allowed to leak in slowly through the bleeder 
valve which is located near the pump. This practice was found necessary in 
order to overcome variations in pressure due to the early evolution of gases 
and the later cleanup usually accompanying electrical discharges in vacuo. 
The valve is of rugged constructuon as shown in Fig. 5 and consists of a 
standard No. 0 taper pin about 2 1/2 inches long, very closely lapped into a 
bronze bushing. A pressure of 0.100 + 0.005 mm is readily maintained by this 
method. After a new charge has been placed in the bell jar, the bleeder valve 
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is temporarily cut off by closing a stop cock so that the required vacuum ean 
be more quickly obtained. By this means, sputtering can be started in about 
four minutes after the bell jar has been placed in position. 

The discharge is produced by means of a 1 2 k-v-a transformer which steps 
up the voltage from 110 to 10,000 volts and is regulated by means of a rheo- 
stat in the primary. Safety for the operator is insured by having all high ten- 
sion leads and terminals enclosed in an expanded metal cage. The door op- 
erates a switch in the primary circuit, so that as the door is opened, the cir- 


cuit is broken. 
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lig. 5. Bleeder valve. 


In order that equal amounts of metal might be evenly deposited on each of 
the six diaphragms, it was necessary to determine experimentally the relative 
spacing of the electrodes, and the shape and the size of the shields, stands, and 
bell jar which would give a uniform current distribution. The best results 
were obtained by placing the diaphragms 5/8” from the cathodes, which are 
arranged symmetrically, by maintaining the pressure at 0.10+0.05 mm, by 
having a 1/2” hole in the center of the diaphragm holder and shield, and a 


one inch clearance between their outer rims and the bell jar. 
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In commercial practice a single operator runs three units simultaneously 


and produces about 90 broadcasting microphone diaphragms a day. These 


diaphragms require a gold spot on both sides which necessitates breaking the 


vacuum and turning the parts over. The time not occupied in loading the 


fixtures and operating the equipment is taken up in preparing diaphragms for 


sputtering, marking, and packing the finished product. It requires about forty 


minutes to deposit from three to five mg of gold per spot. Although this de- 
posit is not more than 0.001 mm thick, it is very continuous, adherent, and 


altogether suitable as a microphonic electrode surface. (Fig. 6.) 
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Fig. 6a. Representative gold plated dia- 
phragm surface after 3 months service show- 
° ’ . 
ing blisters. 





Fig. 6b. Representative gold sputtered dia- 


phragm surface after 3 months service show- 
ing no blisters. 


This equipment has been in successful operation for a number of years in 


the production of microphone diaphragms. 
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The electromagnetic equations are put in their most general form and the fol- 
lowing criteria for a useful set of equations and sets of units are established: (1) 
there should be only one set of fundamental equations, (2) there should be two sets 
of units, one c .g. s. for the physicist and one practical for the engineer, (3) the eight 
internationally recognized units should be retained in the practical system, (4) the 
fundamental equations should be symmetrical in form. It is shown that these criteria 
can be fulfilled in an infinite variety of ways, of which the Heaviside-Lorentz system 
of equations provides the simplest. The relations between c. g. s. and practical units 


HE subject of electromagnetic units has received considerable attention 

in recent years, and proposals for new and more convenient sets of units 
have been made on a number of occasions.' In particular this matter has been 
discussed in some detail by the International Electrotechnical Commission, 
which is reported? to have adopted certain hypotheses which the writer be- 
lieves will only complicate an already confused situation. Many of the pro- 
posals made seem to be concerned only with the units themselves and to ig- 
nore the far more vital question of the form of the fundamental equations of 
electromagnetic theory. Again, many of the discussions become submerged in 
the question of the physical dimensions of electric and magnetic quantities, 
and a feeling is evident that other dimensions than those of mass, distance 
and time must be involved, particularly in connection with the dielectric 
constant x and the permeability wu. In this connection it does not seem to be 
recognized that the introduction of physical dimensions is purely a matter of 
convenience, and, as is shown by Planck® and again by Bridgman,‘ that it is 
quite possible to eliminate all physical dimensions from physical equations. 
The purpose of this communication is (1) to point out that the introduction 
of x and yw into the equations of electromagnetic theory does not necessarily 
imply any new physical dimensions, (2) to investigate the most general form 
‘in which the fundamental equations may be written, (3) to formulate and 
attempt to justify the criteria which a useful set of equations and sets of units 
should satisfy, and (4) to show how these criteria may be fulfilled. 


' See Bibliography in “Historical Outline of the Electrical Units”, by A. E. Kennelly, 


* Magnetic-Circuit Units as Adopted by the I. E. C., by A. E. Kennelly, Winter Conven- 
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In the first place it is essential to emphasize the fact that the necessity of 
distinguishing two electrical vectors (D and E) and two magnetic vectors (B 
and H) is due to the existence of polarizable media —dielectrics in the electric 
case and permeable media in the magnetic case. Therefore the logical method 
of approach is to write down the field equations for charges and currents in 
empty space and then deduce the equations for material media from our 
knowledge of the structure of matter. 

Unfortunately we are accustomed to employ different systems of units, 
and worse yet different fundamental equations, according as our interest is 
centered in electrical or in magnetic quantities. To avoid confusion, let us 
denote e.s.u. by the subscript s and e.m.u. by the subscript m. Then, in de- 
veloping the theory of dielectrics we find it convenient to introduce a vector*® 
D,’ defined in terms of the electric intensity E, and the polarization P, by the 
relation 


D,' = E, + 4nP,. (1) 


As this equation must be physically homogeneous, it follows thatD,’, E, and 
P, are all of the same physical dimensions. 

Now in isotropic medla, D,’ is proportional to E, and has the same direc- 
tion. Consequently we may write 


D,’ = «E,. (2) 


The dielectric constant or permittivity so defined is necessarily a pure num- 
ber which has the value unity in empty space where P, vanishes. It must be 
remembered, though, that (2) is a special relation valid only in isotropic 
media. It does not hold in crystalline media, for instance. On the other hand 
(1) is a general relation of universal validity. 

In e.m.u. (1) and (2) become 


i 
Dn’ = — En + 4nP», (3) 


Ks P 
D,,’ = a | (4) 
Cc 


where c (the ratio of the units of charge) is 2.99796(10)!° cm/sec. Now etther 
Eq. (4) may be left as it is, or we may define a permittivity «x, in e.m.u. by 
Ks 


D,' = taEn, Ks = 


9 


Cc 


Evidently x, has the physical dimensions [7?/L?]. It is purely a matter of 
convenience as to whether we adopt the first or the second of these proce- 


5 The D,’ here used differs from the conventional definition of electric displacement by a 
numerical factor. It is, however, much to be preferred on account of the exact analogy it 
affords between the electric and magnetic cases. 
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dures. Since, however, the permittivity is usually tabulated in e.s.u. and since 
x, is a pure number, the first is clearly preferable. 

Similar considerations apply in the magnetic case. If we adopt the hy- 
pothesis that the properties of permeable media are due to the existence of 
actual magnetic dipoles (a point of view long discarded by the physicist and 
one quite incapable of explaining such phenomena as diamagnetism, magne- 
tization by rotation, etc.) the magnetic intensity H,, is the fundamental vec- 
tor appearing in the field equations for empty space, and we find it convenient 
in discussing the properties of permeable media to introduce a vector B,, 
defined by the equation 


B,, = Bu + 4rI,, (5) 


where J,, is the intensity of magnetization. On the other hand, if we adopt 
the universally accepted view that magnetic properties are due to the pres- 
ence of Ampérian circuits in the atoms or molecules of magnetic substances, 
then B,, is the fundamental vector appearing in the field equations and (5) 
defines H,,. It is clear from (5) that B,,, H,, and I, have the same physical di- 
mensions. In the case of an isotropic paramagnetic or diamagnetic medium 
B,, is proportional to H,,, so we may write 


Bus = MmET (6) 


to define the permeability u,,, which is a pure number. A relation of this type 

can be applied to ferromagnetic media only as a rough approximation, since 

in such media B,, is not even a one-valued function of H,,. While (6) is a 

special relation of only limited validity, (5) is a general relation which always 
holds. 

Now, if we write (5) and (6) in e.s.u. we get 
1 
B, = —H, + 4rl.,, (7) 


B, = — H.. (8) 


Again we are at liberty either to content ourselves with (8) or to define a per- 
meability mu, in e.s.u. by 


B.=.nH.,, w=—») 


where uw, has the dimensions [7°*/L*]. Evidently the first alternative is to be 
preferred for the same reasons as in the case of the permittivity. 

The purpose of the foregoing discussion is to show the meaninglessness 
of the dogmatic assertion? that permeability has or has not physical dimen- 
sions. A far more important question and one which is necessarily involved 
in the determination of the physical dimensions of «x and yp is the choice of a 
suitable set of fundamental equations and of convenient sets of units to em- 
ploy in them. The present situation is deplorable in that the four systems of 
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units commonly employed demand three distinct sets of equations. Thus the 
force between two point charges im vacuo is given by 





We 
Fm aise In e.S.u., 
72 
Imm’, ie , 
F = ?—— ine.m.u. or Q.£.S. (practical units), 
ve 
qiqi . ea : 
F= yer in h.l.u. (Heaviside-Lorentz units). 
mr? 


This situation would be immensely aggravated if the engineering profession 
adopted the Giorgi or Dellinger-Bennett units, for then the student of elec- 
tricity would have to memorize four distinct sets of equations instead of 
three as at present. 

If we write the fundamental equations of electromagnetic theory in terms 
of the electromagnetic units employed by Maxwell, we have 





V:Dn = pm; (9) 

V-B,, = 0, (10) 

VX Hn = 44(Dm + pnv), (11) 

VX En = — Bn, (12) 

Dn = ad ~—s e (13) 
4c? 4orc* 

B, = Ha + 4eIn = pn, (14) 

F = pn{| En +v X Br}, (15) 


where p,, is electric charge density and F represents force per unit volume. 
The «x, and uw», appearing in these equations are the same dimensionless ratios 
used previously herein, having the value unity in empty space. 

We can change the form of these equations by replacing each of the 
electromagnetic quantities involved by a new quantity multiplied by an 
arbitrary numerical or dimensional constant. These new quantities will be 
denoted by letters without subscripts. This most general transformation, 
however, would be profitless because it would alter certain definitions which 
are universally considered desirable to retain. Thus E is defined as force per 
unit charge and Has force per unit pole, P is electric moment per unit volume 
and J magnetic moment per unit volume. So the most general transforma- 
tion to be considered must be subject to the relations 





pE = Palin, oH = a 
P Pa I | = 


=e) — cE ==» 


Pm o om 
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where o is the fictitious magnetic charge density, -V- J. For the first pair rep- 
resents a force per unit volume and the second a length. 
We are at liberty, then, to introduce four arbitrary constants which may 
be dimensional. Without loss of generality we may put 
a Y 
Pa Py Cy * Bo, D,, —— D, B. _ 5B, 
C 4arc 


the particular choice of factors being designed to make the equations sym- 
metrical in c and 47. Then the fundamental equations become 


a 


V:D = 4n— p:, (16) 
By 
V‘B=0, (17) 
1 ' do 
Vv X H = — ByD + — afBpv, (18) 
Cc Cc 
1 , 
VX E= ——adB, (19) 
c 
1 a Ks 
D=—E+4*—P =—E, (20) 
ay Y ay 
1 ry) Lm 
B= —H+44—I1 = —d, (21) 
66 5 Bd 
ad \ 
F= {ob + vx eh. (22) 
' c 


From (16), (20) and (22) we see at once that the force between two point 
charges q, and q at rest a distance r apart is 





=; (23) 


and that the physical dimensions of g are 


ADi 23 
lg] = | = | (24) 
al 


since x, is a pure number. The electrostatic system of equations with the 
definition of D given in the early part of this paper is obtained by making 
a=y=1, B=6=c. On the other hand e. s. u. with Maxwell’s definition of 
D require a=1, y=47, B=6=c. 

With this general formulation of the fundamental equations of electro- 
magnetic theory at our disposal, the next step is to state the criteria which 
should govern our choice of the arbitrary constants a, 8, y, 6 and determine 
our selection of sets of units. It seems to the author that the desirability of 
the following criteria is almost self-evident. 
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(1) There should be one and only one set of fundamental equations in 
general use by both physicists and engineers. This simplification would do 
away with all necessity of converting from the electrostatic to the electro- 
magnetic or Heaviside-Lorentz system or vice-versa, and would abolish at 
one stroke the endless confusion caused the student in having to memorize 
three sets of equations. 

(2) There should be two sets of units, one c. g. s. for the physicist and 
the other a practical set for the engineer. Both sets, however, should employ 
the same set of fundamental equations, as is the case with the e. m. u. and 
Q. E. S. systems at present. The reasons for this criterion are so obvious as 
to require no comment. 

(3) The eight internationally recognized practical units (joule, watt, 
coulomb, ampere, volt, ohm, farad, henry) must be retained in the proposed 
practical system of units. This requirement is necessitated by the long es- 
tablished use of these units and the fact that electrical instruments are gener- 
ally calibrated in terms of them. 

(4) The set of equations chosen should exhibit the symmetry existing 
between electrical quantities on the one hand and magnetic quantities on 
the other. The importance of this criterion is sometimes overlooked. To the 
worker who is using the entire set of electromagnetic equations, however, it 
is almost vital. No more complicated theory than that involved in the de- 
duction of the wave equation or of the expression for radiation pressure is 
needed to convince oneself of the vast superiority of a symmetrical set of 
equations. From the practical point of view a great simplification is effected 
as well, for a symmetrical set of equations halves the number of different 
coefficients appearing in the equations and halves the number of different 
relations between practical and c. g. s. units. 

Our next step is to investigate the means by which these criteria can be 
satisfied. It will be seen that they can be fulfilled in a variety of ways, but 
reasons will be advanced for favoring one solution over all the others. We 
can classify possible transformations as (1) those for which the arbitrary 
constants a, 8, y, 6 are pure numbers and (2) those for which these constants 
or some of them are dimensional. All transformations of the first class leave 
unaltered the physical dimensions of the electromagnetic quantities, whereas 
those of the second class introduce changes in dimensions. 

It is, however, more convenient to classify possible transformations with 
regard to the degree of symmetry which they produce in the fundamental 
equations. We shall designate as partial symmetry that which makes all terms 
in (18) and (20) symmetrical with corresponding terms in (19) and (21) 
respectively. This leaves undetermined the coefficient of the second term on 
the right of (18) to which there is no corresponding term in (19). Partial 
symmetry, then, demands that By =ad, ay=66, a/y=8/5; that is, B=a, 
5=~. The most important set of equations of this type is that proposed by 
Gauss, for which a=y=1. It is to be noted that Gauss’ system retains the 
electrostatic unit of charge and the electromagnetic unit of pole strength. 

















ELECTROMAGNETIC EQUATIONS 295 


Its chief defect is that D and pv in Ampére’s law (18) do not have the same 
coefficient. 

Another interesting set of equations exhibiting partial symmetry is that 
which makes the coefficients of D in Ampére’s law (18) and B in Faraday’s 
law (19) equal to unity and makes the coefficient of the current density pv 
in (18) equal to 47 as in e. m. u. These specifications require a = y =(c)"?. 
If we define the permittivity as the ratio of D to E and the permeability as 
that of B to H, this system makes the permittivity and the permeability of 
empty space each equal to 1/c. 

Next we shall investigate the conditions for complete symmetry. By this 
term we imply not only symmetry as regards corresponding terms in (18) 
and (20) on the one hand and in (19) and (21) on the other, but also symmetry 
as regards D and pv in (18). The requirements here are more stringent than 
in the case of partial symmetry, for we have the additional condition y = 47a 
which is required to make the coefficients of D and pv the same in (18). 
Hence B=a, 6=y=4ma, and a is the only parameter which remains arbi- 
trary. The case of complete symmetry has obvious advantages over that of 
partial symmetry, and as our further discussion will be confined largely to 
this case we shall rewrite the electromagnetic equations in the form which 
they take under these conditions: 


4ra’” . a 
vV X H = —— (D + pv), (27) 
, 
4ra’® . 
vx B= 7 g, (28) 
‘ 
1 Ks 
D=—_E+P=-— E, (29) 
4a? dra? 
1 Mm 
B = —_H+1I1=-——H, (30) 
4rra? 41a? 
f 4rra? \ 
F= p = * ——v X Br. (31) 
c 


In addition to these equations we have (23), which holds for all systems of 
equations. 

The Heaviside-Lorentz system is one of the simplest set of equations ex- 
hibiting complete symmetry. It is in general use today, the majority of 
papers on electromagnetic theory being written in terms of this set of equa- 
tions. In this system a= 1/(47)"”, so that the factor 47 disappears from every 
one of the fundamental equations. The ratios of D to E and of B to IT become 
respectively the pure numbers x, and uw» each of which is unity in empty 
space. The c. g. s. unit of charge, as is evident from (23), is that charge which 
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repels a like equal charge at a distance of 1 cm in vacuo with a force of 1/47 of 
a dyne. It is of dimensions [| M'?L*/?/T]. Similar statements are true of the 
unit of pole strength.® The reader can easily work out the dimensions of any 
other of the electromagnetic quantities from the fundamental equations. 

A set of completely symmetrical equations which retains the electro- 
static unit of charge and the electromagnetic unit of pole strength is obtained 
by making a=1. This system, however, leaves unnecessary 47's in the funda- 
mental equations and makes both the ratio of D to E and that of B to H equal 
to 1/47 in empty space. As @ is a pure number in both the Heaviside- 
Lorentz system and in this system, the physical dimensions of all quantities 
are the same in the two. . 

Kennelly’ has proposed a system in which a=(c/47)"*. He calls this an 
equidimensional system, apparently not realizing that all systems of equa- 
tions of the symmetrical type are equidimensional in the sense in which he 
employs the word. Asa is a dimensional constant, the physical dimensions of 
the electromagnetic quantities are different in this system from those of 
the two previous systems discussed. Charge, for instance, is of dimensions 
[.2L/T2] and the c. g. s. unit of charge is that charge which repels a like 
equal charge at a distance of 1 cm in vacuo with a force of 3(10)'°/4z dyne. 
The coefficients of the terms on the right-hand sides of (27) and (28) become 
unity, but the ratio of D to E and of B to H are 1/c in empty space. Like the 
Heaviside-Lorentz system this system removes the factor 47 from every one 
of the fundamental equations. Whereas the former system leaves the c’s in 
(27) and (28) (where they properly belong, since these equations lead directly 
to the wave equation) and removes them from (29) and (30), Kennelly’s sys- 
tem removes the c’s from (27) and (28) and inserts them in (29) and (30) 
(where there is no good reason for their appearance). So while Kennelly’s 
system has many of the advantages of the Heaviside-Lorentz system, the 
latter has the theoretical advantage of placing the c’s where they would 
naturally be expected and the pragmatic advantage of being a system already 
widely used. Again it is a great simplification to have the ratio of D to E and 
that of B to H/ equal to unity in empty space, and to have the coefficients of 
E and P the same in (29) and those of H and IJ the same in (30). 

Among the infinitely many completely symmetrical systems of fundamen- 
tal equations the two simplest are clearly the Heaviside-Lorentz system and 
the Kennelly system. These two differ only in the equations to which they 
assign the dimensional constant c, which must appear somewhere in any com- 
plete set of equations. The Heaviside-Lorentz system, however, has the 
several advantages over the Kennelly system cited above. 


6 Occasionally the statement is made that two different physical quantities must not 
have the same physical dimensions. Are, then, work and moment of force the same physical 
quantity? The absurdity of this contention is obvious if one considers the possibility of elim 
inating all physical dimensions, referred to earlier in this paper. Then all physical quantities 
become of the same (i.e., zero) physical dimensions. 

7 A. E. Kennelly, Proc. Nat. Acad. Sci. 17, p. 147 (1931). The numerical part of @ is not 
made altogether clear in this paper, the author being concerned mainly with the physical di- 
mensions of the quantities involved. 
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Having examined the various forms into which the fundamental equa- 
tions may be thrown, the next matter to investigate is the subject of units. 
Having selected one of the systems of equations described, can we choose 
practical units of mass, length and time such that the eight internationally 
recognized practical units of electromagnetic quantities shall be retained un- 
altered in value? On account of the pairs joule, watt and coulomb, ampere it 
is clear that we are required to retain the second as the unit of time. Denoting 
practical units by the subscript », we may choose new units of mass and 
length in accord with the relations 


[WV,| = olM] = ¢gm, [L,] = e[L] = écn, 


the bar over a letter signifying the numeric or numerical measure of the 
quantity whose unit appears in brackets. We have then but two parameters 
at our disposal. These are sufficient in general, however, to built up a practi- 
cal system of units with the desired characteristics using any system of equa- 
tions we may choose to select. For if ¢ and 6 are given such values as to make 
the joule the unit of energy and the coulomb the unit of charge the six re- 
maining units assume automatically the desired values. This follows from the 
fact that each of the six quantities involved is defined in terms of energy U 
and charge g or in terms of other quantities already defined in terms of these 
two, plus, of course, time ¢, the unit of which has been retained unaltered. 
Thus power P = U/t, currentt=g/t, potential or e.m.f. V = U/q, capacitance 
C=V/q, resistance R= V/1, inductance L = V/ — (di/dt). 

The relation between 9 and ¢ necessary to make the joule the unit of 
energy and the watt the unit of power is the same for all systems of electro- 
magnetic equations, since these are mechanical units. If we denote the nu- 
meric in the practical system by U, and that in the c. g. s. system by U in 
the case of energy, then 


i | | Tv | M ,L "| iT [== | 
—— = ,|— = o! 277 —— |, 
T? ; T ,? P T? 


_ - 
U,==<=<U. . (32) 








and 


But, if the joule is to be the practical unit, 


U, = (10)-7U. 


Consequently 
$6? = (10)7. (33) 


Next consider the unit of charge. We shall denote the numeric in the prac- 
tical system by g, and that in the c. g. s. system by g and where, as here, it is 
convenient to distinguish between the numeric and the unit of a, we shall 
denote the former by @ and the latter by [a]. Then we have 
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E 273 ] [Meee 1/293! [a] 
1 — -| = @|———_ | - #4, | ——}, 
. aT - Gy!» - a,T 


and 








; 1 [| ’ 
dp = $1/263/2 | aw q 


Since we wish to retain the coulomb as the practical unit of charge, 


1 


G => 8 
i? 2.99796(10)9 ¢ 





where g, is the numeric in e. s. u. But as the electrostatic system is obtained 
by making a equal to unity in (23), 


gd. = ag. 


Eliminating the g’s from the last three equations 


pt!293/2 = “ao |*] (34) 
a Qa 

where 7 has been put for the number 2.99796. Since (34) depends only on 
(23), which was obtained from the most general form of the fundamental 
equations, a system of practical units which satisfies (32) and (34) will con- 
tain the eight internationally recognized practical units no matter what sys- 
tem of fundamental equations are selected and no matter whether these equa- 
tions are symmetrical or not. 

Nothing is gained by solving (33) and (34) for ¢ and 6 at the present stage, 
for the ratio [a,/a] contains ¢ and § when a is a dimensional constant. So we 
must treat separately those cases in which a has different physical dimensions. 

The most important systems of equations which have been discussed are 
those for which a is a pure number. In such cases the ratio [a,/a] is the num- 


ber 1 and 
- a\? 
. 0) = (=) (10)-9, 
7 
- n\? (35 
d= (2) cao». | 
oO j 


a 





Gauss’ system of equations is of this type, &@ having the value unity. 
Hence a set of practical units employing Gauss’ system which includes the 
eight internationally recognized practical units is obtained by taking as the 
practical unit of mass (1/4)* (10)- gm and as the practical unit of length 
(7)?(10)"* cm. Any system which retains the electrostatic unit of charge as 
the c. g. s. unit requires the same practical units of mass and length. 

In the Heaviside-Lorentz system of equations a = 1/(47)/?. So in order to 
retain the eight internationally recognized practical units we must take 
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(1/(42)/*4)* (10)—5 gm as the practical unit of mass and ((47)"/4)? (10)" cm 
as the practical unit of length. As (47)"/?4 = 10.6275 this means roughly a unit 
of mass of (10)-!* gm and a unit of length of (10) cm. 

In Kennelly’s system a = (c/47)"?. Hence &@ = (4/47) (10)! and 


wat [Eafe] -ne 


[=| = pire: 
a | 


This makes (34) become 


whence 


~6? = 419(10)8. (36) 


Comparing with (33) we see that we have been led to an inconsistency. 
In this exceptional case it is impossible to choose new units of mass and 
length of such magnitudes as to retain the eight internationally recognized 
units in the practical system. However the form of (36) indicates that a 
change in the numeric & will enable us to make (36) identical with (33). This 
will result in only a single relation between ¢ and @ and will allow us to choose 
the practical unit of either mass or length at will. Leaving &@ undetermined, 
then, Eq. (36) is replaced by 


3: 


- (10)'8 (37) 


3a = 


QI 


which becomes identical with (33) if a@=4(10)"/?. This system we shall desig- 
nate as the modified Kennelly system. Since the unit of length, which is em- 
ployed in calculating flux, is more important than the unit of mass in electro- 
magnetic problems, it is clearly desirable to retain the centimeter as the unit 
of length in the practical system. As this requires that # should be unity, the 
practical unit of mass becomes (10)? gm and that of force (10)? dyne. These 
fundamental units have already been employed in the Dellinger-Bennett 
system. 

In the modified Kennelly system 47a? =407fc. Consequently the com- 
pletely symmetrical system of fundamental equations (25) to (31) acquires 
awkward numerical or dimensional coefficients in nearly every term. This 
unfortunate state of affairs can be alleviated by employing the partially 
symmetrical system of equations, as y is then arbitrary. Probably the sim- 
plest system of equations is obtained by making ay =1. Then 


V-D = 40ricp, (38) 
v:B=0, (39) 


VXA 


£3 
—{D+ 40ricpv}, (40) 
Cc 
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1 


VX E=-—B, (41) 
Cc 
D = E+ 40ricP = «,E, (42) 
B= H+ 40rjcl = z,RA, (43) 
1 
F=oiE+—vxel. (44) 
Cc 


These equations have the virtue of making the ratios of D to E and of B to H 
unity in vacuo and of keeping the c’s in the circuital equations where they 
naturally belong. Another possibility consists in making ay=c. This pro- 
cedure removes the c’s from (40) and (41) and inserts them in (42) and (43), 
making the ratios of D to E and of B to H equal to 1/c in empty space. This 
choice of y seems less desirable than the previous one. 

At this point it is advantageous to summarize the results obtained so far. 
As regards the choice of fundamental equations we have found that there is a 
single infinity of completely symmetrical systems of equations. The two sys- 
tems which make the greatest number of coefficients unity are the Heaviside- 
Lorentz system with a = (1/47)? and the Kennelly system with a = (¢c/47)"”, 
As regards the simplicity of form of the fundamental equations these two 
systems are distinctly preferable to any others, and neither one has any es- 
sential advantage over the other. 

Our investigation of systems of units has shown that in addition to a set 
of c. g. s. units a set of practical units including the eight internationally 
recognized units can be used with any system of fundamental equations by 
choosing appropriate new units of mass and length. The sole exception is the 
Kennelly system of equations, where the choice of new units of mass and 
length cannot be made in such a way as to include the internationally rec- 
ognized units in the practical set. So the Kennelly system of equations is not 
suited to our purpose. On the other hand this difficulty is obviated in the mod- 
ified Kennelly system of equations, which has the unique advantage of per- 
mitting us to choose arbitrarily either the unit of mass or the unit of length 
to be employed in the practical system of units. Unfortunately, however, 
this system necessitates the introduction of awkward coefficients into the 
fundamental equations, even if we content ourselves with the partially sym- 
metrical group. 

These considerations show that the Kennelly system fails to satisfy our 
criteria, and that the modified Kennelly system, in spite of its advantageous 
property cited above, leads to a far more complicated system of fundamental 
equations than the Heaviside-Lorentz system. Hence the Heaviside-Lorentz 
system of fundamental equations is clearly indicated as the one most de- 
serving of general adoption. This system makes the coefficients of the right- 
hand sides of (27) and (28) equal to 1/c, all the other coefficients in the field 
Eqs. (25) to (30) being unity. 

In the accompanying table is given for all the more important electro- 
magnetic quantities the dimensions required by the Heaviside-Lorentz sys- 
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tem of equations and the ratio of the numeric %, measuring a quantity in 
practical units to the numeric Z measuring the same quantity inc. g. s. units.* 
The practical unit is specified in cases where it has received a commonly ac- 
cepted name. The ratio of the units is the reciprocal of the ratio of the nu- 
merics. The symbol ¢€ in the table stands for the number 


€ = 0.299796(4x)!/2 = 1.06275. 


The velocity of light in the practical units under discussion has the nu- 
merical value 


é,» = €°(10)-¢ = 0.00265438 = 1/376.735. 


The permittivity x, and the permeability yu, being pure numbers, have the 
same values in the practical as in the c. g. s. units. Each is unity in empty 
space. 

The reader’s attention is called to the following facts displayed in the 
table. (1) Corresponding electrical and magnetic quantities have the same 
physicial dimensions. (2) The conversion ratio #,/# for changing from c. g. s. 
to practical units is the same for corresponding electrical and magnetic quan- 
tities. (3) The small number of conversion ratios involved. These properties 
are characteristic of symmetrical systems of equations. 


TABLE I. Heaviside-Lorentz system of equations. 





Ratio x,/x of 




















Quantity Dimensions Practical Unit Muensien 
Time [T] sec 1 
Mass [| M] «*(10)!9 
Length [L] €2(10)-8 
Force [ML/T?] e(10)* 
Energy [| ML?/T?| joule ) (10)? 
Power [ML?/T?| watt i 
Charge [M2 3/2/T | coulomb ) 
Current [ M1/2L3/2/ 72) ampere €1(10)—1° 
Electric flux [M2 3/2/T | j 
Elect. pot. or e.m.f. [MV2L1/2/T | volt «(10)3 
Electric intensity {MV2/[1 27} 
Electric displacement [Mv2/[u27 | €(10)!6 
Polarization [MV2/L 127} 
Capacitance [L] farad €-7(10)-8 
Resistance [T/L] ohm e(10)!3 
Pole strength [ M'V2L3!/2/T | os a 
Magnetic flux [ Mu2L 3/2/72] } e1(10)- 
Mag. pot. or m.m.f. [MV2L1/2/T} €(10)3 
Magnetic intensity [M2/LV27 | } 
Magnetic induction [Mi2/L27} €(10)1® 
Intensity of magnetization [Mi2/D 127} 
Inductance [72/L] henry 


Reluctance (1/L] (10) 








® It is an astonishing fact that most writers tabulate the relations between units instead 
of the relations between numerics. In changing from e. m. u. to practical units, for instance, 
the essential information required is not that the ampere is one-tenth of thee. m. u. of current, 
but that the numeric giving the magnitude of the current in amperes is ten times the numeric 
specifying the current in e. m. u. 
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Since ¢ differs but slightly from unity, this factor can be neglected in 
rough estimates requiring a transformation from c. g.s. to practical units or 
vice versa. In fact if it were possible to make a change of a few percent in the 
values of the practical electrical units (excluding the mechanical units joule 
and watt), this factor could be made rigorously equal to unity. 

We shall consider now some of the objections which may be raised to the 
proposed system of equations and set of practical units. The most serious of 
these is that some of the fundamental equations as well as the ratios of c. g. s. 
to practical units demand a knowledge of the velocity of light. This is, how- 
ever, a characteristic of any complete system of equations, whether the elec- 
tromagnetic system or any other. Furthermore, in view of Michelson’s ex- 
tremely accurate determination of the velocity of light, this objection is not 
likely to lead to changes in the constants comparable with the errors of even 
the most precise electrical measurements for a great many years to come. 

Next Ampére’s law and Faraday’s law in the Heaviside-Lorentz system of 
equations involve the constant factor (1/c). This factor, which is the only 
coefficient other than unity appearing in the equations, is certainly less 
troublesome than the two coefficients 47 and 1/47mc? appearing in the elec- 
tromagnetic system (9) to (15). Finally it is to be noted that the number e 
does not appear in the equations but is needed only in transforming from 
c. g. s. to practical units or vice versa. So long as computations are conducted 
entirely in c. g. s. units or entirely in practical units this number is not re- 
quired. It would be highly desirable to make € unity, but this would require a 
slight change in the values of the established practical units. 

Finally it is appropriate to consider the simplest formulation of electro- 
magnetic theory available if we were subject to neither the restriction im- 
posed by the c. g. s. units nor that imposed by the practical units. Under 
these circumstances we could attain an ideal degree of simplicity by using 
either the Heaviside-Lorentz or Kennelly system of equations with new 
units of length and time so chosen as to make the numerical value of the 
velocity of light equal to unity. In fact we could, if desired, reduce the num- 
ber of fundamental units from three to two by giving c the status of a pure 
number of magnitude unity. This would make the Heaviside-Lorentz and 
Kennelly systems of equations identical. If we wished to eliminate time and 
retain only mass and length as fundamental entities, then the unit of time 
would become a derived unit defined as the time taken by light to travel a 
unit distance in empty space. Wherever [7] appears in dimensional formulas 
it would then be replaced by [L]. This solution, however, involves too radical 
a departure from established conventions to be of more than academic in- 


terest. 
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(Received February 2, 1932) 


ABSTRACT 


The treatment of the problem which was given in previous publications is general- 
ized so as to include not only the part played by the changes of the surface tension, 
but also that played by osmotic forces. Whenever any reactions take place in a liquid 
drop of the kind considered previously, there is always a difference of concentrations 
inside and outside of the drop. The forces caused by this difference are such that they 
always tend to divide the drop. The surface tension counteracts this tendency. As a 
result of this, the drop will divide only above a critical size. Calculations of this 
critical size leads to dimensions of actual living cells. 


N A series of previous papers' we have made a mathematical study of 

possible causes, which may induce a small growing liquid drop or cell to di- 
vide spontaneously in two, after reaching a critical size. The principal factor to 
which we turned our attention was the variation of the surface tension of the 
drop with varying size of the latter. We found that this will lead to a spon- 
taneous division under rather general conditions. 

The purpose of the present paper is to show that there exists a much more 
general factor, the influence of which we have hitherto neglected, but which 
is of a special interest in view of possible biological applications. 

If a substance A is soluble in both the drop and the surrounding liquid and 
if this substance does not undergo any chemical changes neither in the sur- 


rounding medium nor in the drop, its concentration c in the drop will be 
equal to 


C = alo (1) 
co being the concentration in the surrounding liquid and 


a = Ee SART 


(2) 
where Ad is the difference between the heat of solution of A in the drop and in 
the surrounding liquid. R is the gas constant, 7 —the absolute temperature. 

The distribution (1) of A between the drop and the surrounding solu- 
tion corresponds to the minimum of the free energy of the system “drop + 


' N. Rashevsky, Some Theoretical Aspects of the Biological Applications of Physics of 


Disperse Systems. Physics 1, 143 (1931). That paper contains also references to the other 
publications of the author. 
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surrounding medium”. In our previous discussions we have for simplicity 
neglected the difference of the heats of solution and put a=1. 

If however A disappears inside of the drop, being transformed into an- 
other substance, then the concentration c of A in the drop is smaller than 
acy, the difference acy —c increasing with the radius of the drop. A division of 
the drop in two smaller ones therefore is always associated with a decrease of 
acy—c, and therefore, since acg—c=0 corresponds to the minimum of the 
free energy, such a division is always accompanied by a decrease of the free 
energy of the system “drop + surrounding liquid”. The same holds true for the 
case that A is produced inside of the drop and diffuses into the surrounding 
liquid. We then have always c >acp and the difference c —acy increases with 
the size of the drop. We thus see that the presence of any reaction inside of the 
drop tends to disperse the drop into smaller ones. The forces which cause 
this dispersion are due to the difference of osmotic pressures inside and out- 








JE 
,, | r. 
ku | 
te ! Fy 
N | 
| 

| 

. l 

¥ | — 

+ Ve Ve v 


Fig. 1. 


side the drop, produced by the difference of c and acy. The actual distribution 
of those forces and their mode of action will vary from case to case, depending 
on the distribution of A inside the drop. 

If besides those no other forces were present the drop would disperse in- 
definitely and could not exist at all. But the increase of the surface energy 
which accompanies such a disperson, counteracts it, and therefore as we 
shall presently see, the division will occur only above a critical size. 

If we plot the excess F, of the free energy of the system over its minimum 
value, which corresponds to c=aco, against the volume V of the drop, we 
shall obtain a curve which is convex toward the v axis. (Fig. 1.) For as we have 
just seen, the division of the drop results always in a decrease of F,; hence 
always 


F.(Vi + Ve) > F.CVi1) + F(V 2). (3) 


On the other hand assuming for the present a constant surface tension y, the 
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free energy of the surface of the drop, F,, will vary like V** (Fig. 1). So 
that always 


FAV + V2) < F,(V;) + F.(V2). (4) 


The total free energy F is given by the sum of F, and F, (Fig. 1) The F— V 
curve has an inflection point and we seen that for V < V, 


F(V; + Ve) < F(V,) + F(V 2) (5) 
but for V> V, 


F(V; + V2) > F(Vi) + F(V 2). (6) 


In other words: below V, the division is followed by an increase of the free 
energy and cannot occur spontaneously; above V.— is followed by a de- 
crease of the free energy and will therefore happen spontaneously. 

It must be remarked that, strictly speaking, we must include in the total 
free energy a term expressing the free energy of the substance of the drop it- 
self. This term however, being linear in V, the correction will have no effect 
on the result. 

If y is not constant, but varies in one of the ways, discussed in reference 1, 
then the surface forces may also contribute to the division of the drop. But 
as we see, even in the absence of any variation of y, the drop is bound to 
divide, after reaching a critical size, due to the reactions, which take place in it. 

We shall calculate the size at which the drop will divide, with the as- 
sumption that A is formed at a constant rate g inside the drop, and putting 
again for simplicity a=1. We have then? 

qro — g(ro? — r?) 
C @ Go - oe ( 


3h 6D 


~ 
— 


the following notations being used: ro—radius of the drop; h—permeability 
of the drop surface; D—coefficient of diffusion of A inside the drop. 

If the concentration of A in an element of volume of the drop dV is c, 
then dV contains x =cd V/ M gr—mols of A, M being the molecular weight of 
A. A similar element of volume dV in the surrounding medium contains 
cod V/ M gr—mols of A. The transfer of dx gr—mols of A from an element of 
volume in the cell into the surrounding medium liberates 


c 
RT log — dx ergs (8) 
Co 
under the assumption of laws of dilute solutions for A. 
Hence the excess of free energy in an element of volume dV with a con- 
centration c, over the minimum which corresponds to ¢ = is equal to: 


_ gare c RTcodV ( ¢ € Cc 

R17 i) log — dx = ———— [| — log — —- — + 1 (9) 
codV/M Co M Co Co Co 

? N. Rashevsky, Zur Theorie der spontanen Teilung von mikroskopischen Tropfen II. 


Zeits. f. Physik 48, 513 (1928). Also: Physical Aspects of Cellular Growth and Multiplication. 
Protoplasma 14, 99 (1931). 
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remembering that 


xM 
; = o- * 
dl 
In order to obtain the excess F, of the free energy of the whole drop we 
must integrate (9) over the whole volume of the latter. 


From (7) we have: 








C qro q(ro* = g*) J, 
— =1+— +———_. (10) 
Co 3hco 6Dco 
Putting 
gro gro” 
1+—+— =< (11) 
3hco 6Dco 
and 
Y 
=p 12 
6Dco ( ) 
we have 
c/co = a — Gr’. (13) 
Introducing this into (9) and remembering that 
dV = 4nr%dr (14) 
we find for the total excess F, of free energy: 
tr RT co 
= — i) r?|(a — br?) log (a — br?) — (a — 1) + br®|dr. (15) 


After somewhat elaborate but elementary calculations, in which use is made 
of the following integrals: 


yt b ytd 


fa ™ log (a + bx)dx = ——— log (a + bx) — ——— ——— dx 
m-+ 1 m-+ 1 a+ bx 


xidx x o. a? f dx 
rere b? ob? J a + bx? 


a8dx x ax? + a*x a3 dx 
{+= 322—Oti«éiB a + x? 




















and 





) 
a+ bx? 2(— ab)!” . (a)!/2 — x(— 5)!/? 





dx 1 (a)? + x(— byt? 
J fora > 0,6 <0, 


we obtain: 
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4rRTco arg? bro? 76 
F, = ——| | — — —]) log (a — br?) + — v5 
M 3 5 25 


(16) 


—_—_— ro ———_. 





15 — 19a 4a? 2a’ (a)!/? + ro(b)!/? 
- 3 — ro + — log ———_-————_- ]. 
45 15d 15b(ab)'!* (a)'/2 — ro(b)!/? 
This expression can be considerably simplified in two cases: 
1.a—1<1;and h>D, so that we may put a=1+)7;’. 


Expanding the last term of (16) we find that all members of power smaller 
than 7-th in 79 cancel out, and we obtain 
daRTQ? 
pec naam r 
945 McD? 


0, (17) 


2.a—1<1iand Dj, so that az 1+ q7r0/3hceo, and b= 0. 


Then we find, by expanding aiso the first member in the square brackets 
of (16): 


F,= oe ro. (18) 


When a drop with a radius ry divides in two halves, each half has a radius 
r,=0, 8 ro. Hence the free energy, liberated in the process of division is, using 


(17): 





8rRTq? 2, 4RTq? 
iro ire — 2r,') = — —— r,! (19) 
315 Mc oD? 945 Mc oD? 
or, using (18): 
0, 8RTq?r 
6, = ————- rr. (20) 


The increase of the surface energy in case of a division in two halves is 
equal to 


él’, = 2 x 4orr\?v a 4arro*y = Troy (21) 


y being the surface tension. 
For small values of 75 |5F,|>|6F,|, for larger ones—the reverse holds 


true. The critical value r., above which a spontaneous division will occur is 
given by 





oF .| = | oF, 
Using (19) we find 
945 McoD*y\""° 
= Gas ) ; (22) 
2, 4RTq? 


Using (20) we obtain 
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tN 
w 
— 


( Mh?coy \' 
— ae) | | 
0,8RTQ° 


The same expressions are obtained if the substance diffuses into the drop 
and disappears there at a constant rate g. For all we need to do is to change 
the sign of gin (7) which leaves the expressions (22) and (23) unchanged. 

Assuming g to be of the order of 10~* gr. cm~ min™, which is approxi- 
mately the rate of consumption of oxygen in a living cell, assuming further 
D~10- cm?-min™, a value found for the diffusion of oxygen through tissues,’ 
and taking y~1 dyn-cm‘ and co=3 X10 gr-cm~’, which is approximately 
the concentration of oxygen in the atmosphere, we find, using (23), that r, 
comes out to be of the order of magnitude of 410-* cm, which is the order 
of magnitude of some living cells. Eq. (17) is justified, because a—1=1/2, 
and the permeability / of the cell for oxygen is very great. 

A discussion of the biological aspects of this study will be given elsewhere. 


* A. Krogh, The Rate of Diffusion of Gases through Animal Tissues. J. of Physiol. 52, 
391 (1919). 

* E. Newton Harvey, A Determination of the Tension at the Surface of Eggs of the Anne- 
lid Chaetopterus. Biol. Bull. 60, 67 (1931). 

’ E. Newton Harvey, The Permeability of Cells for Oxygen and its Significance for the 
Theory of Stimulation. J. Gen. Physiol. 5, 215 (1922). 
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Physics in the Soviet Union 


EADERS of Physics will undoubtedly 

, be interested in the appearance of the 
new journal Physikalische Zeitschrift der Sow- 
jetunion, first copies of which reached Amer- 
ica a short time ago. It is to be published 
monthly commencing with the issue of Janu- 
ary 1932, the purpose being to furnish an out- 
let for the articles of Russian physicists who 
have hitherto been publishing principally in 
the German periodicals. The articles will be in 
German, French, or English depending upon 
the choice of the author, but not in Russian. 

As Professor Joffé states in his introduc- 
tion to the first issue, the intensely practical 
and technical aims of the Russian social pro- 
gram naturally will be reflected in the char- 
acter of the papers published, but works of a 
more problematical and theoretical nature 
will also appear. 

A good share of the first issue is devoted to 
recent work on the so-called Sperrschicht 
photoelectric effect,' and to the results of the 
conference on this and related topics which 
was held in Leningrad last September. The 
phenomenon to which reference is made may 
be described roughly as follows. A thin layer 
of a semi-conducting substance such as Cu,O, 
Cu.S, etc. is placed between two thin metallic 
electrodes of the same kind of metal (copper 
or platinum for instance) one of which is then 
illuminated from a source of light. It is found 
that if the circuit is not closed between the 
electrodes a difference of potential will be set 
up between then, and if the circuit is closed a 
current will flow in it.2 Depending upon the 
exact character of the material forming the 
electrodes and of the semi-conducting layer 
the irradiated electrode may become either 
negatively or positively charged (Vorderwand 
or Hinterwand effect).* 

Kurtschatow and Sinelnikow‘ have per- 
formed a series of experiments on a number of 
cells in an endeavor to elucidate the mech- 
anism of the effect. The thesis is that under 
the action of the light, electrons are liberated 
within the layer of the semi-conducting ma- 
terial (Sperrschicht) which are then able to 


migrate into the metal. The effect is thus in- 
timately related to the “inner” or “volume” 
photoelectric effect of the material forming 
the layer, which is responsible also for the 
change in conductivity of certain substances 
on irradiation, of which selenium forms a not- 
able example. The differences between the 
Vorderwand and Hinterwand effects are traced 
by these authors to the spectral transmission 
properties of the layer. If the material forming 
the layer is opaque to the radiation this will 
be absorbed in the immediate region of the 
irradiated electrode and the electrons which 
are set free will migrate to it; if the material of 
the later partially transmits the radiation 
then an appreciable part of the light will 
traverse the layer and liberate electrons in the 
neighborhood of the other electrode which 
may then become the negative pole of the cell. 
For white light or any non-monochromatic 
radiation both effects are superposed and the 
irradiated electrode may become either posi- 
tively or negatively charged. 

In a second paper by Kurtschatow, Sinel- 
nikow, and Borissow,' the examination of the 
relation of this effect to the volume photo- 
electric effect of the layer substance is pushed 
a little further. The point in question con- 
cerns the threshold frequencies for the two 


1 What the proper Englishing of this term is 
to be I do not know. The literature on the sub- 
ject which is known to me is almost exclu- 
sively in German. In their article (reference 6) 
which is in English, Frenkel and Joffé refer 
to the effect asa “contact photoelectric effect”. 

2B. Lange, Phys. Zeits. 31, 139 (1930). 
Science Abstracts A, No. 2646 (1930). 

Phys. Zeits. 31, 964 (1930). Science Ab- 
stracts A, No. 1381 (1931). 

3 W. Schottky, Phys. Zeits. 31, 913 (1930); 
Zeits. f. Tech. Physik 11, 458 (1930). Science 
Abstracts A, No. 1380 (1931). 

41. W. Kurtschatow, and C. D. Sinelnikow, 
Sow. Phys. 1, 23 (1932). 

5T. Kurtschatow, C. Sinelnikow, and M. 
Borissow, Sow. Phys. 1, 42 (1932). 
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effects; i.e., the minimum frequencies »v of the 
light for which they are observed. It is to be 
expected if the theory we have sketched above 
is true, that the threshold frequency for the 
contact photoelectric effect will be far below 
that for the ordinary surface photoelectric 
effect. In the first case the energy of the 
photon, hv, need be large enough to simply re- 
lease the electron from its relatively weak 
binding to the atoms within the substance, 
while in the second it must in addition give 
the electron sufficient energy to help it out of 
the surface, an additional process requiring 
roughly 4 electron volts more energy. But it 
is still uncertain whether or not an electron 
which is “free” in the inside of the layer ma- 
terial needs an additional amount of energy in 
order that it can pass the boundary separating 
the metal electrode from the semi-conducting 
layer. If not, then the thresholds for the vol- 
ume and contact photoelectric effects should 
be identical, and if so then the threshold fre- 
quency for the latter should be higher than 
for the former, since the threshold frequency 
for the volume photoelectric effect is pre- 
sumably the minimum frequency which light 
must have in order to release electrons within 
the body of the material. From the available 
data the author's conclude that the latter is 
the correct alternative, the threshold wave- 
lengths being respectively 41000A and 14000A, 
corresponding to energies of about 0.3 and 
0.9 electron-volts for a cell in which the layer 
material was Cu,0. 

The theory of the rectifying action of these 
photocells and of contacts between surfaces 
in general is discussed in a paper® by Frenkel 
and Joffé, which is an extension of a paper by 
Frenkel’ which appeared recently in the 
Physical Review. The theory is on the lines of 
the physical picture sketched above, but with 
a detailed study with the help of Sommer- 
feld’s theory of a metal as an electron gas 
obeying the Fermi statistical distribution. 
The rectifying action of a contact between 
two conducting or semi-conducting sub- 
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stances is due to some asymmetry in the trans- 
mission of a current through the contact—the 
current must be smaller with an emf in one 
sense across the contact than it is with the 
emf in the opposite sense. The cause of this 
asymmetry may be different for different 
types of contact: it may be due to the dif- 
ference in the number of free electrons per 
cm* in the two substances on the two sides of 
the contact, or it may be due to some slight 
asymmetry in the transmission of the barrier, 
or to some other cause. The first of these is 
possibly the major factor in the case of the 
photo-cells of which we have been speaking, 
as we must think of the semi-conducting layer 
material as containing, in general, but very 
few “free” electrons compared to the metallic 
electrodes. 

We shall not attempt to give a discussion of 
the remaining papers of the first issue of this 
new journal, but shall give the (translated) 
titles for the information of the reader: 

L. Landau, “On the theory of energy trans- 
fer by collisions”. 

J. Frenkel, “On a general method of treating 
incomplete systems in wave mechanics”. 

B. Hochberg, “The influence of strong elec- 
trical fields on the adsorption of water on the 
surface of mica”. 

S. Schurkow, “On the influence of adsorbed 
surface layers on the strength of small quartz 
fibers”. 

A. Joffé and A. Walther, “Breaking 
strengths of thin glass fibers and mica sheets”. 

A. Joffé, “On the mechanical strength of 
thin layers”. 

B. Kurtschatow and M. Eremejew, “On the 
electrical properties of mixed crystals of 
Rochelle salt”. 

A. Joffé, “On the question of the mechan- 
ism of electrical breakdown”. 

E. HILi 


6 J. Frenkel and A. Joffé, Sow. Phys. 1, 60 
(1932). 
7 J. Frenkel, Phys. Rev. 36, 1604 (1930). 


The Neutron 


ONSIDERABLE comment has _ been 
| peewee within the last few weeks by the 
pronouncement, through the medium of the 
daily press, of the experimental verification of 


the existence of the neutron by Professor J. 
Chadwick of the Cavendish Laboratory of 
Cambridge University. In the meantime Pro- 
fessor Chadwick has published a short ac- 
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count of his experiments! so that we can now 
understand a little more clearly the nature of 
the evidence. 

It is perhaps unwise to make a definite 
statement as to the initial proposer of the (or 
perhaps we might better say “of a”) neutron 
as it is the type of idea which is likely to occur 
to people working on widely separated phases 
of atomic problems. We may mention early 
suggestions of Rutherford? and of Harkins,* 
and more recent ones of Langer and Rosen‘ 
and of Pauli.® 

Perhaps the most important property which 
is desired of a neutron is the possession of a 
mass but the lack of an electrical charge. Such 
a particle could then go many places which 
are practically denied to electrons and pro- 
tons; e.g., into the nuclei of atoms. If we can 
conceive of the neutron as built on the lines of 
ordinary atoms, in order to avoid the neces- 
sity of postulating the existence of a third 
fundamental electrical entity on a par with 
electrons and protons, then the simplest 
structure which we can give to it is that of 
an unusually close combination of an electron 
and a proton—with much tighter binding 
than in the ordinary hydrogen atom. The re- 
sultant electrical charge of such a combina- 
tion is zero, while the mass might be expected 
to be about that of the proton, that is, one 
atomic unit (1.710% gm). This would 
give us the hint that the neutron might be 
considered to be a hydrogen atom in a sta- 
tionary state with energy considerably below 
what we now consider to be the “normal” 
state. Langer and Rosen‘ have examined 
Schrédinger’s wave equation to see if it would 
permit the existence of such a stationary 
state, but have concluded that so long at least 
as one supposes the proton and electron to 
act on each other with a force varying in- 
versely as the square of the distance between 
them, even for very small distances, then the 
answer is in the negative; i.e., no such state 
seems possible. One may, of course, try to 
obtain a positive answer by making various 
assumptions concerning the deviation from 
the inverse square law of force at very small 
separations, but in the absence of any definite 
theory of the electron and the proton no very 
conclusive progress can be made in this direc- 
tion. On the other hand, it may very well be 
true that we shall not arrive at a satisfactory 
theoretical proof the possible existence of such 
a neutron until we have progressed much fur- 
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ther on the road to an unified theory of quanta 
and relativity. We have indeed a very vague 
picture of what may happen within distances 
of the order of 10-* centimeter! 

Quite apart from our troubles in showing 
that such a neutron can exist on the basis of 
present theories, is the question of examining 
the relation of the hypothesis that it does 
exist to the experimental facts, and of deter- 
mining the properties which it must have in 
order to fit in with these experimental facts. 
We have seen that the picture of the neutron 
as a close combination of an electron and a 
proton would make it electrically neutral but 
possessing a certain gravitational mass. Since 
we should not wish to suppose that the elec- 
tron and proton are exactly coincident in 
space we must admit that the system has 
some kind of electrical moment. In accord- 
ance with the fact that in their normal states 
atoms are found to be so symmetrical that 
they do not possess an electrical moment of 
first order (dipole moment) on the average, 
we might guess that the same would be true of 
the neutron, and that it would have at most a 
quadrupole moment. Considering that the 
binding between the electron and proton must 
be very tight, only a very small moment 
would be induced by an electrical field of any 
reasonable order of magnitude. Only a very 
intense electrical field would have any effect 
on the motion of such a neutron, but it might 
be that in collisions with electrons and nuclei 
it could act as an effective disrupting agent.® 

It was stated above that our first guess 
might be that the mass of the neutron would 
be about the same as the mass of the proton. 
This is not altogether certain since we must 
expect that in the process of formation of the 
neutron considerable energy should be given 
off in one form or another, perhaps as radia- 


1J. Chadwick, Nature, Feb. 27 (1932), 
p. 312. 

? E. Rutherford, Proc. Roy. Soc. A42, 1964 
(1920). 

3'W. D. Harkins, Journ. Am. Chem. Soc. 
42, 1965 (1920). 

*R. M. Langer and N. Rosen, Phys. Rev. 
37, 1579 (1931). 

6’ W. Pauli, Pasadena Meeting of the Ameri- 
can Physical Society, June 1931; Phys. Rev. 
38, 579 (1931) (Title only). 

6 J. F. Carlson and J. R. Oppenheimer, 
Phys. Rev. 38, 1787 (1931). 
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tion or in a triple collision with a third body, 
and the theory of relativity has taught us to 
expect that this loss of energy entails also a 
proportionate loss of mass. The tighter the 
binding of the proton and the electron in the 
neutron the greater will be the loss in energy 
in its formation and the smaller will be the 
final mass of the system. Just how much mass 
will be lost in this way cannot be predicted 
beforehand. To fix orders of magnitude we 
may say that the loss of mass in the recom- 
bination of a proton and an electron to form 
an atom of hydrogen in its normal state is 
about 210-® gm, or about 210~> of the 
mass of the electron. 

In his recent letter Chadwick! has reported 
his experiments, and in a later letter to Na- 
ture H. C. Webster’ of Bristol University re- 
ports very similar independent experiments 
with results in substantial agreement with 
those of Chadwick. It has been shown by 
previous experiments by Bothe and others 
that when beryllium atoms are bombarded by 
a-particles from polonium, a radiation of a 
very penetrating type is produced. If it is 
passed through various substances such as 
hydrogen, nitrogen, argon, etc. it is found 
that the radiation ejects particles with very 
high speeds which are found to be recoil 
atoms (or protons in the case of hydrogen). 
It is the character of this radiation which is 
in doubt. If it is assumed that the radiation 
consists of photons, then it is to be supposed 
that the recoil atoms get their energy by 
scattering the photons in the manner visual- 
ized in the theory of the Compton effect. 
From the observed energies which the recoil 
protons are observed to have when the radia- 
tion is passed through hydrogen, Chadwick 
estimates that the energy of the photons ini- 
tially would be about 50 X10® electron-volts. 
If this value is used for the calculation of the 
maximum kinetic energy which a nitrogen 
atom could gain by scattering a photon a 
value of about 410° electron-volts is ob- 
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tained. Actually the recoil atoms from ni- 
trogen are observed to have a much higher 
energy than this, which makes it difficult to 
explain the results for both hydrogen and 
nitrogen as a Compton scattering of photon 
radiation. 

It is furthermore not easy to explain how 
the photons arising from the interaction of the 
a-particle and the beryllium nucleus could 
have an energy as high as 50 X10® electron- 
volts. Assuming that the a-particle is cap- 
tured by the nucleus of the Be® atom with 
the formation of a carbon nucleus: 


Be®+ He'—C'3+ photon, 


Chadwick estimates that the photon should 
have a maximum energy of only about 14 « 108 
electron-volts. 

On the other hand if one assumes that in 
the capture of the a-particle, a neutron is 
emitted and a C® nucleus is formed: 


Be®+ He‘—C+ neutron, 


then Chadwick calculates that the neutron 
should have a velocity of about 3 x 10° cm/sec. 
if it has a mass of 1 unit. A head-on collision 
of such a neutron with a proton would give 
the proton a velocity of the same order of 
magnitude as is observed in the recoil atoms 
from hydrogen. 

The hypothesis of the neutron has also been 
put to use in another field recently. Following 
the suggestion of Pauli made at Pasadena last 
summer, a concerted effort has been made to 
test, both theoretically® and experimentally® 
the hypothesis that cosmic rays are composed 
of neutrons. As yet we can only say that the 
evidence is inconclusive. 

E. HItu 


7H. C. Webster, Nature, March 12 (1932) 
p. 402. 

8 L. M. Mott-Smith and G. L. Locher, 
Phys. Rev. 38, 1399 (1931); L. D. Huff, Phys. 
Rev. 38, 2292 (1931); W. H. Watson and F. 
R. Terroux, Phys. Rev. 38, 2291 (1931). 
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